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Abstract

We present Neural Dual Bounds, a calibration-free framework that produces de-
terministic upper bounds for MAP inference in probabilistic graphical models
using a single neural-network forward pass. The framework trains a network to
output the edge messages of a mini-bucket style upper bound on a given join-graph
decomposition in a self-supervised manner by directly minimizing a smooth dual
objective. The output of this network can be used at test time to warm-start a
standard JGLP optimizer. Across diverse benchmarks, this warm start yields dual
gaps that are orders of magnitude tighter than those from zero initialization, with
the largest gains in the early-iteration regime. We also apply our framework for the
constrained MAP (CMPE) task, and we show that neural warm starts with test-time
adaptation consistently achieve the tightest dual gaps across all iteration budgets
against an adaptive baseline.

1 Introduction

Many applications of probabilistic graphical models (PGMs) repeatedly solve closely related inference
problems on a fixed graph. Branch-and-bound search expands one node per query, adversarial
robustness certification verifies one input per query, constrained planning evaluates one constraint per
query, and bound-based parameter learning computes a new bound at each gradient step. In these
settings, per-query inference often dominates wall-clock time. Classical polynomial-time dual bounds,
including join-graph linear programming (JGLP) [9], Max-Product Linear Programming (MPLP) [6],
and TRW-BP [18], provide valid upper bounds, but often require hundreds of coordinate-descent
iterations per query. This repeated-query structure creates a natural opportunity for amortization,
provided that amortization preserves the validity guarantees required by downstream algorithms.

Learned methods can amortize inference, but they typically sacrifice deterministic per-query validity.
Learned bound predictors usually provide only statistical validity: if a predicted upper bound
violates the true upper-bound property on even a small fraction of queries, branch-and-bound may
prune the optimal solution and robustness certificates may become invalid [[11} 5, [10]. Conformal
calibration [17, 2] can reduce this risk by adding a safety margin estimated from held-out data, but
it still permits violations at the target residual failure rate. Learned inference networks based on
graph neural networks [15] [19, 20] predict approximate inference outputs, but do not enforce an
upper-bound certificate for every query. Existing learned methods therefore accelerate inference by
weakening the certificate that makes classical dual bounds useful in exact and safety-critical pipelines.

This validity-speed tradeoff is especially important for constrained MAP inference, which seeks the
most probable explanation subject to one or more budgets defined by a second log-linear model.
This formulation extends standard MAP inference to settings with explicit side constraints and
captures safety, fairness, adversarial, and resource-constrained reasoning problems [[13}[12]]. Existing
upper-bounding methods for this setting optimize a single scalar Lagrange multiplier by subgradient
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descent [[12]. They do not directly handle the vector-valued multipliers induced by multiple assurance
requirements. With multiple constraints, projected gradient descent over the multiplier vector must
solve an inner MAP-bound problem at every step, while queries may vary in evidence, costs, constraint
budgets, or Lagrange multipliers. This nested optimization makes valid amortized bounds particularly
valuable in the multi-constraint setting.

We introduce Neural Dual Bounds, a framework for amortized inference that produces deterministi-
cally valid upper bounds from a single neural-network forward pass. Instead of learning bound values
directly, the network outputs antisymmetric edge messages on a join-graph decomposition. This
parameterization restricts every output to a feasible subspace of the JGLP bound, so the resulting
bound is valid by construction rather than by training accuracy, calibration, or a held-out quantile
estimate. Antisymmetric messages preserve feasibility because each message added to one side of an
edge is subtracted from the other, leaving the decomposed upperbound objective unchanged while
reparameterizing local potentials. The guarantee holds for trained, untrained, and adversarial network
outputs.

The same construction also provides effective warm-starts for iterative dual optimization. For MAP
inference, we train the model end-to-end against a smooth objective, without an LP solver in the inner
loop and without JGLP-converged labels. For constrained MAP inference, we supervise the network
with LP-optimal edge messages for the per-u Lagrangians, since this supervision is cheaper than
self-supervised training to comparable tightness in this setting. We also show that an LP-free training
variant can achieve similar bound quality. Thus, the framework supports both direct amortized
certification and accelerated iterative tightening.

Contributions.

1. Deterministically valid neural bounds. We restrict the neural-network output to a structurally
valid subspace of the JGLP upper bounds using an antisymmetric scatter map. This construction
yields, to our knowledge, the first learned MAP upper-bound predictor whose validity is enforced
by architecture rather than by post-hoc calibration.

2. Self-supervised dual amortization without LP labels. We train the model end-to-end against
a smooth dual objective, with no LP solver in the inner training loop and no JGLP-converged
labels. This objective removes the need to generate optimal targets for MAP training and makes
the method applicable when LP solves are unavailable or prohibitively expensive.

3. Extension to multi-constraint constrained MAP inference. We apply the framework to vector-
valued Lagrange multipliers using projected gradient descent, neural warm-starts, and replay-buffer
test-time adaptation at each step.

4. Empirical validation on benchmark PGMs. On 15 UAI benchmark PGMs spanning Bayesian
networks, image segmentation, and grid Markov random fields, neural warm-starts reduce the
iteration-10 dual gap by up to six orders of magnitude relative to zero-initialized JGLP. On
constrained MAP inference, test-time adaptation closes the gap to within 10~7 of the LP optimum
at iteration 50 on at least 99% of Bayesian-network and segmentation queries.

5. Structural applicability beyond JGLP. We identify a broader class of decomposed Lagrangian
duals whose message structure admits the same antisymmetric parameterization, including dual
decomposition, TRW-BP, weighted CSPs, and minimum-cost flow.

2 Background

A probabilistic graphical model (G, F, ) defines a factored distribution of n discrete variables
x = (21,...,z,) with domains D; over a graph G = (V, F) with cliques F as

p(x | 0) o< [] exp(fa(xa)) $))
aEF

where F indexes cliques of G' with scopes x, C x and 0, : D, — R are known as the log-potential
functions.

The MAP problem is to find an assignment that maximizes the probability distribution p or, equiva-
lently, maximizing the log probability

MAP*(0) = max »  fa(Xa). 2)
aEF
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Exact MAP is NP-hard in general [16]], and standard methods designed for this task, such as variable
elimination, scale exponentially in the tree-width of G. As aresult, a variety of approximation methods
have been designed that approximately solve the MAP problem via upper bound minimization. The
Mini-bucket elimination (MBE, 3), one such upper bound minimization approach, further regroups
the clique potentials into clusters determined by a specified i-bound parameter. Specifically, the
procedure induces a join graph G = (C, &, 0) whose nodes C = {C1,...,Ck} correspond to a
subset of variables « C F with |a| < ¢ + 1 and edges in £ connect clusters that share variables. For
each edge («, 3) € &, the separator Sop = Co N Cj is the shared subset. Each cluster carries a
log-potential function 6, that aggregates the original log-potentials assigned to it during partitioning.
MBE then uses the join graph clustering to produce an upper bound on the MAP value as

Do = Z max fc, (xc,) > MAP*, (3)

where the inequality comes from the observation that a maximum of a sum is always less than or
equal to the sum of maximums, i.e., max,(f(z) + g(z)) < max, f(z) + max, g(x).

The bound (3) is loose because adjacent clusters maximize independently and may pick conflicting
values on their shared separator. Reparameterization tightens the bound by shifting cost between
adjacent clusters via edge messages A\og(xs) € R:

Oc, (xco, ) =00, (Xc,) + Y Aap(Xs,,), @
BEN (o)

subject to an antisymmetry constraint
)\aﬂ(XS) + )\ﬁa<Xs) =0, V(a,ﬁ) €&, Vxg. (@)

Antisymmetry preserves the underlying joint: for any complete assignment x*, the message
added to one cluster on a shared separator is exactly the message subtracted from its neighbor,
s0 >, 0c, (x5, A) = >, 0c, (x5, )- Replacing the assignment-specific sum by per-cluster maxes
can only increase the value, so the reparameterized bound

K
D(6,) = Zmaxﬁca(xca,/\) > MAP* (6)
a=1

XCq

holds for every A in the antisymmetric subspace.

As D(0, A) is convex in A (a sum of pointwise maxima of affine functions), a variety of techniques
can now be applied to find the minimum of this upper bound. The JGLP [9] method minimizes it
by coordinate descent. Each iteration of JGLP corresponds to one pass over the separator edges:
for (o, 8) € &, the algorithm computes the max-marginals of C,, and C3 onto S,3, equalizes
them to their geometric mean (the arithmetic mean in log domain), and applies the corresponding
antisymmetric correction to both cluster tables (Ihler et al. [9] Algorithm 4, lines 5-8). The fixed
point is the optimum miny D(6, A), which corresponds to the optimum of a specific LP relaxation
of the MAP problem on the chosen join graph.

JGLP starts from a moment-matched mini-bucket join graph rather than raw MBE: at construction,
one round of cost-shifting on the mini-buckets within each elimination bucket equalizes their max-
marginals on the shared scope (Ihler et al. [9] Algorithm 5, “MBE-MM”). This produces a slightly
tighter starting point than (3]) before any JGLP iterations have run. Throughout this paper, “A = 0”
denotes the JGLP coordinate-descent state at iteration zero after MBE-MM construction, matching
the convention of all JGLP implementations we benchmark against.

3 Method

Reparameterizations of a join-graph decomposition [9, 18] are constrained to lie in the antisymmetric
subspace defined by (3); any element of this subspace yields a valid bound. Existing methods (JGLP,
MPLP, TRW-BP) navigate this subspace iteratively. However, convergence of JGLP often requires
hundreds of iterations on the benchmark models we consider, with each iteration costing O(|€]-d 1),
where d is the maximum domain size. As a result, a poor initialization can be far from the tightest
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upper bound. This motivates our approach in which we train a neural network to directly predict the
As from a given partial assignment to the random variables. This approach is particularly applicable
in typical scenarios in which a PGM has already been fit to data an we are simply using the PGM to
make (repeated) MAP inference queries.

A few remarks, first, the complexity of computing the upper bounds in MBE scales exponentially in
the ¢-bound. While this is polynomial time computable for fixed 1, it is far from practical on large
networks. Our motivation then is to train a neural network for this polynomial time computable
task. The aim is to move the computational cost from test time to training time. As the bound is
polynomial time computable for fixed 7, there is some hope that a sufficiently complicated neural
network with a reasonable number of training examples could well-approximate the iterative methods.
If our approach is successful, the cost of computing a “good” upper bound at test time will correspond
only to the cost of evaluating our neural network for a fixed set of evidence.

To efficiently encode the upper bound prediction task in a neural network architecture, we make a
few small changes to the representation of the MAP prediction task.

First, we will train our neural network by directly minimizing the dual objective. So, no labeled
training examples are required. This makes the approach flexible across many different models and
does not require us to compute expensive ¢-bounds during training. To simplify training, we replace
the hard max in the upper bound with a smooth log-sum-exp surrogate.

D-(0,\) =) 7log ) exp <W> , (7)

XCq
where 7 > 0 is a temperature. As7 — 0, D, — D.
Proposition 1. D, (0,A) > D(6,\) > MAP* forall 7 > 0 and all .

D(0, \) is convex in A (sum of pointwise maxima of affine functions), so subgradient methods could
be used directly, but we use the smooth surrogate D, for compatibility with standard gradient-based
optimizers.

Prior amortized-inference work either supervises against a slower exact solver [11] or unrolls iterations
of the target algorithm and backpropagates through them. We do neither: D, is a closed-form
differentiable function, so a single backward pass through the smooth dual yields the gradient.
The training distribution is evidence configurations sampled at varying observation ratios, with no
inference labels of any kind. This makes training 50-200x cheaper than supervised alternatives and
removes LP-solver availability as a deployment requirement.

Second, we represent A more compactly. The antisymmetry constraint (3)) couples the two directions
of every edge, so it suffices to store one real number per (undirected-edge, separator-assignment) pair.
Stack these into a single edge-message vector m € R°4™ where

edim = Z H d;

(,B)EE i€Sap

counts those pairs and d; is the domain size of variable i. Let Agim = >, Hieca d; be the total

number of cluster-table entries, and let g, € R*3im be the concatenation of all cluster tables,
ordered so that the a-th block of size [ [, d; holds the entries {0c, (vc,)}xc, of cluster a. The
reparameterization is then a single linear map

Héat = eﬂat +Am7

where A € {—1,0, 41} am>edim j5 5 fixed sparse matrix determined entirely by the join-graph
structure. Each column of A corresponds to one (edge, separator-assignment) pair ((a, B), :rs) and
contains +1 in every row of g, that lies in cluster v and is consistent with xg, —1 in every row that
lies in cluster 3 and is consistent with z g, and 0 elsewhere. The matched +1 pattern makes every
column of A sum to zero, which is exactly the antisymmetry of the reparameterization (3).

As the neural network essentially produces As that satisfy the antisymmetry constraint, its output can
always be turned into a valid upper bound on the MAP problem. Consequently, training never has to
enforce feasibility as a constraint or check it post-hoc; the architecture restricts predictions to the
valid set. This is structurally different from calibration-based methods, which produce predictions in
an unrestricted space and use a held-out calibration set to estimate the residual violation probability.
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Figure 1: JGLP convergence with and without neural warm-start on three representative PGMs
(BN_12, grid20x20.f10, Segmentation_14). Both curves provably converge to the same optimum
D* since D(6, m) is convex in m. The green star marks the standalone neural bound from a single
forward pass (~0.04 ms) and is used as the warm-start for JGLP at iteration 0; it starts strictly below
zero-init and reaches a small neighborhood of D* in fewer JGLP iterations. The three panels span the
BN, Grid, and Segmentation families; full results across all 37 PGMs are reported in Appendix [B.2]
and Table/[T}

Finally, note that the upper bounds produced by our methods and the iterative methods in the best
case yield the tightest upper bound on MAP™ attainable by the given join graph decomposition, but
this bound is tight only in special cases, e.g., such as tree-structured models or log-supermodular
models [14].

4 Experiments

We evaluate on 15 PGMs from the UAI 2022 inference competition, covering Bayesian Networks,
Image Segmentation, Grid Markov Random Fields. Table[TI|(MAP) and Tables (K=2 CMPE);
full results for K=1 CMPE are in Appendix All experiments use i-bound 4 and 10 random
seeds per (PGM, evidence-bin) cell. Our reference D' is the exact LP optimum solved with
CVXPY/CLARABEL (Appendix [B.I)); The JGLP coordinate descent occasionally terminates at
non-globally-optimal fixed points, so we use the LP optimum rather than JGLP’s converged value as
the ground-truth lower bound on the dual.

We consider two sets of experiments. The first experiment explores how well the trained neural
network does at finding good values for the messages for a single MAP estimation task. In the second
set of experiments we apply the same strategy to approximately solve constrained most probable
explanation tasks.

4.1 Neural Network Training vs. JGLP

The primary evaluation of our neural bounds is how much iterative inference they save. A single
neural forward pass (~ 0.04ms) produces a valid upper bound on MAP*; this bound is typically
tighter than the MBE starting point and can serve as a warm-start for JGLP. We measure the effective
speedup by counting JGLP iterations needed to reach a target relative error from the converged dual
D*, comparing zero-init vs neural-init.

We use a 3-layer MLP with LayerNorm and GELU activations: 512 — 512 — 256 — eqjm. The
output layer has no activation function (edge messages are unconstrained). The output is initialized
with small random weights (std = 0.001) so that the initial bound D( f,(e)) ~ Dy (the MBE bound).

We anneal 7, the temperature parameter of the smooth surrogate, during training: 7 = 0.01 for the
first third, then 7 = 0.001 for the remaining epochs. We use AdamW optimization with cosine
annealing (Ir = 1073, 200 epochs, batch size 64). Training data consists of evidence configurations
sampled at various evidence ratios (10-90% of variables observed). No JGLP or other iterative
inference is required during training.

Since D(6,m) is a convex function of m, we can compute the exact optimum using via
CVXPY/CLARABEL (formulation in Appendix . Tablereports the absolute gap D*) — DLP
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Table 1: Standalone bound quality: dual gap |D — D™F| (mean + std) at fixed JGLP iterations. J =
zero-init, N = neural-init. Mean and population standard deviation over 10 bin-0 test seeds per PGM.

iter=10 iter=50 iter=100
PGM J N J N ] N
BN_12 0.638 £ 0.238 0.373 £ 0.179 0.184 £ 0.147 0.116 £ 0.105 0.088 + 0.097 0.060 + 0.072J
BN_13 0.474 £ 0.115 0.255 £ 0.088 0.116 £ 0.073 0.088 + 0.072 0.058 + 0.053 0.050 + 0.054
BN_14 0.278 £ 0.173 0.174 £ 0.128 0.094 £ 0.137 0.042 + 0.037 0.055 £ 0.143  5.75e-03 + 8.00e-03
BN_9 0.162 £ 0.156 0.061 £ 0.070 0.126 £ 0.169 6.80e-03 £ 0.019 0.125 £ 0.170  1.47e-03 + 4.42¢-03
Seg_12 1.19 £ 0.900 0.701 £ 0.761 0.177 £ 0.321 0.019 £ 0.035 0.163 £ 0.327 1.96e-07 & 1.11e-07
Seg_14 0.189 £ 0.047 0.018 £ 0.016 | 2.20e-06 =+ 3.03e-06 1.47e-04 = 2.47e-04 | 2.20e-06 & 3.03e-06 ~ 6.06e-06 + 8.42e-06
Seg_16 1.93 £ 0.396 0.417 £ 0.273 0.236 £ 0.202 0.029 + 0.075 0.028 £ 0.057  7.66e-06 £ 1.50e-05
Seg_18 0.627 £ 0.692 0.419 £ 0478 0.073 £ 0.102 0.050 + 0.077 5.06e-03 £ 0.015  4.45e-06 £ 9.49¢-06
Seg_19 0.125 £ 0.150 0.104 £ 0.114 0.044 £ 0.123 6.82¢-03 £ 0.012 0.044 £0.123  5.24e-06 + 6.52e-06
grid10x10.f10 | 9.61e-02 = 1.43e-02  3.29e-02 =+ 1.06e-02 1.27e-10 % 1.19-10 4.9e-04 £ 4.73e-05 1.27e-10 + 1.19e-10  4.49e-05 =+ 3.41e-05
grid10x10.f5 9.12e-09 = 1.17e-08  1.97e-03 & 2.06e-03 | 9.12¢-09 =+ 1.17e-08 1.22e-05 = 1.73e-05 | 9.12e-09 & 1.17e-08  4.61e-08 £ 2.61e-08
grid20x20.f5 1.33 £+ 0.849 1.30 £ 0.850 0.117 £ 0.115 0.115+0.114 9.90e-03 + 0.023 9.22e-03 £ 0.021
Grids_26 3.13£219 3.12£2.17 0.138 £ 0.147 0.138 £ 0.147 | 2.51e-08 + 4.86e-08  8.62e-07 & 9.57e-07
Grids_28 5214322 522 +3.19 0.279 £ 0.383 0.279 £ 0.380 | 9.18e-09 + 1.32¢-08  2.65e-06 + 1.92¢-06
Grids_29 1.33 £0.849 1.30 £ 0.851 0.117 £ 0.115 0.115+£0.114 9.90e-03 + 0.023 9.23e-03 £ 0.021

at fixed JGLP iteration checkpoints ¢t € {10,50, 100}, mean + std over 10 bin-0 seeds per PGM.
Lower is better.

Across the 15 PGMs, neural warm-start matches or beats zero-init at iter=10 on 100% of seeds
for 11 of them. The gap then closes rapidly as JGLP iterates: on the Segmentation family it drops
by 4-6 orders of magnitude by iter=100—for example, Seg_12’s zero-init gap falls from 0.701 to
2x 10~ "—while BN models show smaller but consistent gains (~1-2 orders). Three regimes resist
this pattern. (i) Degenerate grids (grid10x 10, grid40x40.f2) already sit within 108 of D"F at
MBE construction with i-bound 4; neural cannot improve, and the small overshoot at iter=10 is
floating-point round-off, not a training failure. (ii) Promedas networks have near-zero dual values, so
absolute gaps look small even when relative gains are substantial. (iii) Very-low-evidence Seg_19
converges fast enough on its own that zero-init reaches 10~2 within 10 iterations; neural overshoots
briefly before both methods agree on the typical seed by iter=100, though linear-mean variance
remains high. The ~0.04 ms forward pass is recovered after saving a single JGLP iteration, so the
warm-start is net-positive whenever JGLP runs.

Amortized cost analysis. Neural forward pass costs 0.03—1.3ms regardless of PGM size. A
single JGLP iteration costs 1.6—131ms depending on PGM complexity. The breakeven point (where
amortized neural cost equals JGLP cost) is 5-20 queries. For applications requiring >20 queries on
the same graph structure (e.g., parameter learning inner loops, constrained MAP search), the neural
approach is strictly dominant.

Edge vs cluster parameterization. The edge-message parameterization (eqi,) is 2x smaller than
the cluster-table parameterization (\gi) While capturing 98.6% of JGLP’s corrections (Istsq residual
1.4%). The reduced output dimension improves generalization: self-supervised training with edge
messages achieves 94% neural-better vs. 0% with direct cluster-table prediction (which violates the
reparameterization constraint).

Self-supervised vs supervised training. We compare pure self-supervised training (directly min-
imizing D) against supervised training with JGLP edge-message targets. On BN_12 bin 0: self-
supervised achieves 94% neural-better vs 72% for MSE-supervised. The MSE model produces larger
magnitude edge shifts (2.8 x scale ratio) but sometimes overshoots the optimal reparameterization,
resulting in 28% of instances worse than zero-init. The self-supervised loss naturally avoids this by
directly optimizing the bound quality.

4.2 Constrained Most Probable Explanation

Rahman et al. [12]] consider a constrained version of the most probable explanation task that allows
constraints that are given by PGMs that, for simplicity, are over the same graph and factorization.
Formally, let (G, F, ) be a PGM. Consider C' constraint PGMs (G, F, 0¢) foreach ¢ € {1,...,C}
over the same graph and factorization with possibly different potential functions. Each constraint will
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be of the form ) » 05, (z4) < g for some ¢, € R. This yields the optimization problem

max Z 0 () subject to
aEF

Z 05 (zo) < g.foreachc € {1,...,C}.
aeF

Note that we can apply the same argument to the case where each one of the PGMs is replaced by
the same join graph (again with possibly different log-factors). To handle constrained optimization
problems of this form, Rahman et al. [12] consider a Lagrangian relaxation

£() = max [Z AOEYT < S 6 () - q)]

aEF acF,

< Z max lf)a(:p) — Zﬂcog(xa)] - Z:uCQ(:-

aEF

Since the lower bound on £ is convex in x > 0, we can minimize it via projected (sub)gradient
descent. To compute the subgradients, we must compute the max in the lower bound, which can be
done (approximately) with JGLP. As a result, we can train a u-conditioned neural model for this task:
the input is (evidence_encoding, 1) and the output is edge messages m. Training data consists of
100 evidence configurations x 50 values of u € [0, 3], yielding 5,000 samples per PGM.

Following [12], we construct each CMPE instance by perturbing the log-potentials of the original
model: for every clique o and assignment z,,, we draw € ~ N(0, 02) i.i.d. per table entry and set
05, (o) = 0a(xq) + €. The constraint threshold ¢ is the 80th percentile of ) 05 (x,) on the test
sample. We use o = 0.5 to keep the constraint active at the optimal multiplier (u* > 0); with o = 0.1
we have ¢ ~ 0, so at u* =~ 1 the combined Lagrangian 6 — p*6°¢ collapses to pure noise.

We compare four different methods to estimate the subgradients: (1) JGLP— initialized at m = 0; (2)
NN—inject NN-predicted m then run JGLP; (3) JGLP+WS—warm-start JGLP from m given by the
most recent run of JGLP; (4) NN+TTA—test-time adaptation, at each gradient step k, fine-tune the

NN on all previous (15, 0(“7')) pairs via the self-supervised D.- loss (replay buffer of up to 20 entries,
10 inner gradient steps). By step 15+ of test time adaptation, the replay buffer contains supervised
signal from the local 4 trajectory, sharpening predictions. The validity guarantee L(p) < CMPE*
holds for any m.

We use a generic test-time adaptation (TTA) mechanism: we store recent (input feature, converged
dual variable, log-Z) tuples in a replay buffer of capacity | R| = 20, and after each query fine-tune the
model for 10 inner gradient steps on D, over the buffer. The buffer is FIFO; the loss is identical to
the offline objective, so no separate test-time validation is required and the buffer accumulates no
out-of-distribution examples by construction.

Results. We run 100 gradient steps on x and at each step run JGLP from each initialization for up
to 500 iterations (or until | D(¢) — D(t—1)| < 107°). Tablereports the dual gap (L(p) — L*F(p))
at fixed inner JGLP iteration checkpoints, with median computed over 100 p-grad steps x 10 test
evidence seeds.

Test-time replay adaptation consistently drives the dual gap (L(u) — L*F (1)) closer to zero by 14
orders of magnitude vs zero-init at iter=10, and up to 5 orders of magnitude by iter=50. The BN and
Segmentation models show strong gains (78—100% win@ 10); Grids models also benefit (92-95%);
grid10x 10 is degenerate (MBE already at LY, zero-init starts within 10~% of LP). Even offline NN
warm-start (M2) helps on most PGMs, with M3 additionally specializing to the local s trajectory via
the replay buffer.

JGLP+WS (no learning, just carrying converged A\ across p-steps) is the strongest non-neural
baseline. On Bayesian networks (BN_9, BN_12, BN_13, BN_14), u-trajectories converge quickly
and successive optimal A values are nearby, so A-continuity alone closes most of the gap (e.g., BN_12
iter=10: JGLP+WS 0.020 vs NN+TTA 0.063). On grids and segmentation models, 1 keeps moving
across the trajectory and stale A\ pulls JGLP toward the previous optimum; NN+TTA’s learned
structural prior dominates by 1-3 orders of magnitude (Seg_14 iter=10: JGLP+WS 6.40 vs NN+TTA
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Table 2: CMPE bound quality (two constraints, single-pass methods): absolute dual gap |L(u) —
LY ()| (mean =+ std).

iter=10 iter=50 iter=100
PGM JGLP NN JGLP NN JGLP NN
BN_12 0.658 4 0.149 0.646 £ 0.149 0.222 +0.072 0.218 4 0.066 0.111 % 0.060 0.109 + OAOSI‘
BN_13 0.488 +0.163 0.436 £ 0.097 0.179 £ 0.240 0.097 & 0.054 0.125 + 0.255 0.036 & 0.035
BN_14 0.352 4 0.083 0.313 £ 0.086 0.049 £ 0.058 0.041 £ 0.036 0.017 4 0.052 9.70e-03 £ 0.014
BN_9 0.190 % 0.083 0.161 4 0.084 0.101 £ 0.093 0.043 £ 0.049 0.072 % 0.100 0.011 4 0.023
Seg_12 0.592 & 0.505 0.597 £ 0.508 0.047 = 0.085 0.046 £ 0.083 1.52e-03 £ 3.03e-03 1.48e-03 4= 2.91e-03
Seg_l4 0.712 + 0.879 0.620 £ 0.756 4.72¢-03 £ 0.012  3.28e-03 £ 8.60e-03 | 2.03e-05 + 7.47e-05 1.96e-05 £ 6.46e-05
Seg_16 2.37 £2.06 205+ 1.78 0.234 £ 0.325 0.207 + 0.280 0.023 + 0.050 0.019 & 0.041
Seg_18 0.745 £+ 0.765 0.721 £ 0.720 0.030 % 0.059 0.020 £ 0.050 3.25e-03 £ 0.012  3.96e-05 & 7.71e-05
Seg_19 2.81 +3.83 2.54 £3.53 0917 &+ 1.36 0.841 + 1.31 0.436 + 0.837 0.393 4 0.808
grid10x10.f10 0.096 + 0.096 1.94 +0.519 | 5.85e-11 & 5.47e-11 0.040 £0.023 | 5.85e-11 £ 5.47e-11 8.79¢-04 + 8.79¢-04
grid10x 10.5 0.434 4 0.397 0.182 +0.213 0.406 + 0.420  1.90e-05 £ 3.62e-05 0.406 +0.420  2.75e-07 £ 5.64e-07
grid20x 20.£5 12.90 + 18.02 12,90 + 18.02 1.54 £2.43 1.54 +2.43 0.060 + 0.173 0.060 + 0.173
Grids_26 49.58 + 65.71 49.59 £ 65.70 3.60 = 7.09 3.60 = 7.09 0.124 4 0.303 0.124 4 0.303
Grids_28 109.22 £ 139.60 109.23 £ 139.60 6.95 +16.17 6.95 £+ 16.17 0.871 £2.37 0.871 +2.37
Grids_29 12.90 £ 18.02 12.90 £ 18.02 1.54 243 1.54 £243 0.060 £ 0.173 0.060 £ 0.173

Table 3: CMPE bound quality (two constraints, cross-j-step methods): absolute dual gap |L(p) —
L*P ()| (mean = std).

iter=10 iter=50 iter=100
PGM JGLP+WS NN+TTA JGLP+WS NN+TTA JGLP+WS NN+TTA
BN_12 0.063 £ 0.090 0.079 £+ 0.132 0.024 £ 0.036 0.037 4 0.054 0.016 £ 0.026 0.023 + 0.033‘
BN_13 0.059 £0.112 0.067 +0.113 0.011 £ 0.032 0.019 £ 0.037 3.78e-03 £ 0.015 6.51e-03 & 0.017
BN_14 0.080 £ 0.097 0.048 +0.096 | 6.27e-03 £ 0.025 8.65¢-03 £ 0.026 2.03e-03 £ 0.015 1.94e-03 £ 9.46¢-03
BN_9 0.027 £ 0.046 0.028 4+ 0.056 | 4.12¢-03 £ 0.025 6.94e-03 + 0.022 1.89¢-03 £ 0.024 1.30e-03 =+ 6.25¢-03
Seg_12 6.09 £ 3.57 0.177 £ 0.332 0.422 £ 0.511 0.015 4 0.048 0.075 £ 0.186  5.25¢-04 & 1.62e-03
Seg_14 9.02 +5.23 0.098 £ 0.321 0.283 £0.299  5.29e-04 + 2.97¢-03 7.13e-03 £ 0.026  5.40e-06 + 2.37e-05
Seg_16 8.66 £ 4.79 0.477 4 0.980 0.541 £ 0.517 0.053 £ 0.143 0.048 £ 0.081 3.68e-03 & 0.017
Seg_18 6.95 4+ 3.58 0.149 4 0.380 0.250 £ 0.367 3.65¢-03 £ 0.021 0.023 +0.057  5.83e-05 = 2.29¢-04
Seg_19 12.46 £ 8.61 0.889 £ 1.85 1.38 £ 1.58 0.415 £+ 0.860 0.493 £ 0.967 0.251 £ 0.579
grid10x10.f10 39.09 £ 36.98 0.060 £ 0.224 5.67£573  2.05e-03 £ 3.53e-03 1.53 £1.56  2.10e-04 £ 3.62e-04
grid10x 10.5 248 £2.55 0.038 +0.118 0.012 £ 0.031 2.72e-05 £ 7.54e-05 1.93¢-04 £ 5.69¢-04  5.05e-07 £ 1.38e-06
grid20x20.f5 101.50 + 77.74 6.25 + 11.88 3.97 £2.67 0.664 £ 1.56 0.213 +0.317 0.013 £ 0.074
Grids_26 447.14 £ 360.20 39.54 £55.87 14.08 4 9.55 2.86 + 6.57 0.827 £ 1.09 0.055 £ 0.176
Grids_28 1044.89 + 857.50  97.37 £129.23 30.23 £ 22.57 6.37 £ 15.78 2.61 345 0.838 £ 2.32
Grids_29 101.50 + 77.74 6.37 = 11.97 3.97 £2.67 0.682 £+ 1.57 0.213 +0.317 0.014 £ 0.076

0.096; Grids_28: 436.6 vs 19.2). The two adaptation channels are complementary: A-continuity
exploits local smoothness in the optimization landscape, while the learned prior captures global
structure that holds across the trajectory. We leave a hybrid (carrying A\ and TTA-fine-tuning the
network) to future work.

Test-Time Adaptation The offline training distribution for the neural network sampled p ~
unif(0, 1), but the projected gradient descent on p at test time is unconstrained above and routinely
drives p outside this range: across all 15 PGMs, 36% of K'=1 queries and 25% of K=2 queries
occur at 1 > 1, with maxima of 36.1 and 19.4 respectively. A frozen offline-trained network on these
tails would predict edge messages fitted to a different Lagrangian; deterministic validity (Prop. 1) still
holds, but tightness degrades. Replay-buffer TTA continually re-fits the network to the local p-region
the trajectory has actually visited, recovering tightness within ~ 50 inner JGLP iterations even on
tails 20-36x the training upper bound (Tables 2H3). This explains the large NN+TTA-vs-NN gap
on grids and segmentations, where 1 keeps moving across the trajectory: NN+TTA’s primary job is
online distribution adaptation, not just specialization.

5 Related Work

Learning to branch / Learning for combinatorial optimization. A growing literature uses
neural networks to guide search in combinatorial optimization [[11,15//10]. These methods typically
learn heuristics (branching decisions, node selection) rather than bounds, and provide no formal
guarantees on bound validity. Concurrently, [7] learn cutting sets for integer programming, but
require problem-specific cut generation. Our approach is orthogonal: we learn dual bounds rather
than search heuristics, with deterministic validity guarantees.
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Amortized optimization. Amortized optimization [1] trains networks to predict solutions to
optimization problems, trading per-instance computation for upfront training cost. Our work falls in
this category but with a crucial difference: the “feasibility” of our predictions (validity of the bound)
is guaranteed by the architecture, not learned. This contrasts with approaches that learn feasible
solutions and must verify post-hoc [4].

Differentiating from RL for MILP. The RL-for-MILP literature [[11,[10] learns search heuristics
(branching, node selection) via reinforcement learning, providing no formal bound guarantees. Our
approach differs in three key ways: (1) we learn bounds rather than heuristics, via self-supervised
optimization (not RL); (2) we exploit PGM-specific reparameterization structure (antisymmetric
messages) that has no analog in generic MILP; and (3) our bounds are deterministically valid by
construction, not statistically calibrated. The deterministic guarantee is the core contribution: a
learned bound that occasionally violates D > MAP” is useless for pruning, while ours is safe by
design.

6 Conclusion

On UAI benchmark PGMs spanning Bayesian networks, image segmentation, and grid Markov
random fields, neural warm-start reduces the iteration-10 dual gap by up to six orders of magnitude
over zero-init JGLP (Table[I]) confirms the same trend across protein folding and Promedas medical-
diagnosis networks. On constrained MAP with with one or two constraints, neural warm-start with
replay-buffer test-time adaptation reaches the LP optimum to within 10~ at iteration 50 on > 99%
of (seed, u-step) pairs for the Bayesian-network and segmentation families (Tables full K=11in

Appendix [B.17).

The framework extends to any Lagrangian dual problem whose decomposition admits antisymmetric
messages, including dual decomposition, TRW-BP, weighted CSPs, and minimum-cost flow. The
approach also extends to non-PGM problems with similar dual structure. (i) SVM/SMO: the SVM
dual is concave in Lagrange multipliers o and linear in the training data—structurally identical
to D(6, \). A neural network predicting warm-start & values would yield valid dual bounds by
construction, accelerating sequential minimal optimization (SMO) in online learning settings where
many SVMs are trained on similar data. (ii) Network flow: the LP dual of minimum-cost flow has
antisymmetric dual variables on edges—directly analogous to our edge-message parameterization—
so the same antisymmetric scatter matrix A applies. (iii) Weighted CSPs: our benchmark suite already
includes weighted constraint satisfaction problems (wcsp_11, wesp_12, wesp_15; see appendix),
demonstrating applicability beyond Bayesian networks and Markov random fields. In each case, the
network architecture and self-supervised loss are identical—only the matrix A changes to reflect the
problem-specific dual structure.

Our results immediately suggest two directions for future work. First, JGLP+WS (A-continuity,
no learning) and NN+TTA (learning, no A-continuity) dominate on disjoint families in Tables 2H3}
A-continuity wins on Bayesian networks where successive p-step optima are close, NN+TTA wins on
grids and segmentations where the p-trajectory drifts. Carrying A\ across u-steps and fine-tuning
the network combines two complementary adaptation channels and should dominate either alone,
particularly when TTA must absorb out-of-distribution .

Second, Our MLP is trained per-graph: a new join-graph topology requires retraining. A graph
neural network operating on the join graph, with edge messages produced by edge-level readouts,
would amortize training across PGM topologies and remove the per-graph cost. The antisymmetric
scatter A is determined entirely by the join-graph structure, so much of the approach transfers without
modification to a GNN parameterization.
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Figure 2: Edge-message architecture. A learned MLP f; (blue) maps evidence e and factor tables
{64} to edge messages m € R°4™ one per (edge, separator-assignment) pair on the join graph. The
fixed antisymmetric scatter matrix A (orange) maps m into cluster-table modifications: each column
of A adds +m to one cluster and —m to the neighboring cluster on a shared separator, so column
sums are zero. This restricts predictions to the antisymmetric subspace where reparameterization is

valid; consequently D (8, m) > MAP™ holds for any network weights (Proposition , and training
never has to enforce feasibility.

B CMPE Method Descriptions

All four methods share the same outer loop: a p-gradient descent trajectory po, 1, ..., g7 that

optimizes the Lagrangian L(u) for the constrained MAP (CMPE) problem. They differ only in how
JGLP is initialized at each pu-step.

Algorithm 1 JGLP (zero-init baseline)

Require: p-trajectory { uk}gzo, iteration budget I, join-graph parameters
1: fork=0,1,...,7T do
2:  Build join graph J from combined potentials at fix
3 )\,(CO) < 0 {zero initialization }
4:  Run JGLP for I iterations from )\,(CO) — A%
5. Record dual bound D(\}) at checkpoints
6:  Discard \},
7: end for

Key differences. JGLP and NN are memoryless: each p-step starts fresh (from zero or from a
single NN forward pass). NN+TTA carries state via the NN weights 6’ and the replay buffer R,
but discards JGLP-converged X after each step. JGLP+WS carries state via the converged cluster
shift (A\, Az), but uses no neural network. These represent two orthogonal adaptation channels:
learned prediction (NN+TTA) versus direct A-continuity (JGLP+WS). On Bayesian networks where
w converges quickly, A\-continuity dominates (JGLP+WS < NN+TTA). On grids and segmentation

models where © keeps moving, stale shifts destabilize JGLP and the neural structural prior proves
essential (NN+TTA < JGLP+WS).

11



Algorithm 2 NN (neural warm-start, frozen)

Require: yi-trajectory {5 }1_,. iteration budget I, pre-trained network fy
1: fork=0,1,..., 7T do
2:  Build join graph J from combined potentials at fux
3.  Extract base cluster tables )\Ease from J;
4 my + fo(xg, 1) {NN predicts edge messages; weights 6 frozen}
5 )\,(CO) — Abase 1 Am,, {inject via antisymmetric reparam matrix A}
6:  Run JGLP for [ iterations from )\,(CU) — AL
7. Record dual bound D(\}) at checkpoints
8
9:

: Discard X\}; do not update 0
end for

Algorithm 3 NN+TTA (neural warm-start with test-time adaptation; ours)

Require: p-trajectory { Mk}f:o» iteration budget I, pre-trained network fy, TTA learning rate 7,
replay buffer size B, inner TTA steps S
1: 0’ < 6 {copy weights for adaptation}
2: R + (0 {replay buffer}
3: fork=0,1,...,T do
4:  Build join graph Jj from combined potentials at ji,
5. Extract base cluster tables )\}gase and logz}zasc from Jj,
6:  my < for(Xg, k) {NN predicts edge messages with adapted weights}
7
8

)\,(fo) + Abase 1 Amy, {inject NN prediction}
: Run JGLP for [ iterations from )\](CO) — A%
9:  Record dual bound D(A}) at checkpoints

100 R RU{(Xk, g, AR?, logzb°)}; trim to most recent B entries
11: fors=1,...,5do

12: {TTA: fine-tune NN on recent p-region}

1
13: L+ il Z(x,y,)\,z)ER DT(fG'(X7 Ky A, Z)
14: 0’ < 0" — nVe L {only NN weights update }

15:  end for
16:  Discard A}, {JGLP-converged A not carried to step k+1}
17: end for

Algorithm 4 JGLP+WS (warm-start with previous p-step’s converged shift; fair-compute baseline)

Require: yi-trajectory {14 }1_,, iteration budget I
I: AX <0, Az < 0 {no previous shift at step 0}
2: fork=0,1,...,7 do
3:  Build join graph J; from combined potentials at fux

4:  Extract initial tables A" and z{"* from 7},

5. if k > 0 then

6: )\20) < Alnit + A\ {apply previous JGLP shift}
7 z,(co) 2t A

8: else

9: )\20) < Alnit {step 0: equivalent to JGLP}

10:  end if

11:  Run JGLP for [ iterations from )\](f) — AL, 2

12:  Record dual bound D(\}) at checkpoints

13 AN A — )\ik“it {save what JGLP learned this step}
14 Az« 2} — it

15: end for

12
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B.1 LP Formulation of the JGLP Dual

Let 0 be the flat concatenation of cluster log-tables after mini-bucket decomposition (length Aqiy,)
and let A € RAdimXedim be the antisymmetric scatter matrix mapping edge messages m € Redim
onto cluster entries. The JGLP dual objective is D(6, m) = ) max,_[0.,. + (Am)., ]. The LP
relaxation (epigraph form) is

mirtl te stte>0.,, +(Am).,, Ve, z.,
m,
C

with Dip = min ) t.. We solve this with CVXPY’s CLARABEL backend (fallback: ECOS, SCS).
On grid10x 10 at i-bound 4 (Aqim = 3,854, e€4im = 1,904), CLARABEL returns the LP optimum in
2.9s; JGLP at 500 iterations converges to a value 8.6 x 10~ above the LP optimum, demonstrating
that JGLP’s coordinate-descent can stop short of global optimality.

B.2 Full MAP Results (All 37 PGMs)

TableE]lists all 37 evaluated PGMs in the new log,, |D — Dypp| format, sorted by neural win rate at
iter=10. Promedas models exhibit small dynamic range (log-error ~ 0) because their dual objectives
are near-zero, which compresses the relative scale.

Table 4: Full MAP bound results: log,, |D — Dyp| at fixed JGLP iterations on 37 PGMs. BN_126
column blanked due to LP ill-conditioning (CLARABEL returned status ‘optimal_inaccurate’).

iter=0 iter=10 iter=50 iter=100 conv
PGM Dyp J N J N J N J N J N win@10
BN_I12 —31.64 | -002 -0.17 | -022 -048 | -0.74 -1.05 | -1.65 -2.04 | -6.79 -6.77 100%
BN_13 —44.93 | -0.04 -0.19 | -029 -0.60 | -097 -1.15 | -1.34  -1.55 | -7.17 -6.98 100%
BN_14 —38.83 | -0.34 -039 | -066 -0.83 | -1.23  -1.33 | -422 -452 | -649 -642 100%
Seg_12 —114.24 0.21 -0.05 | -0.01 -1.01 -4.13 -494 | -710  -6.69 | -7.10  -6.69 100%
Seg_14 —136.64 0.18 -042 | -0.73 -2.00 | -634 -4.62 | -6.34 -6.13 | -634 -6.19 100%
Seg_16 —132.72 0.58 0.13 0.29 -049 | -067 -3838 | -6.07 -5.71 -6.23  -6.10 100%
PF_11 4145 1.90 1.70 1.34 1.29 0.85 0.84 0.55 0.51 -040  -0.40 100%
Grids_18 11284 1.84 1.84 1.14 1.13 0.35 0.33 0.05 0.04 204 201 100%
Grids_19 2327 1.02 1.01 0.23 0.13 -1.87  -1.86 | -6.19 -4.34 | -641 -6.23 100%
Grids_21 16907 2.02 2.00 1.31 1.30 0.51 0.50 0.23 0.23 -1.73 -1.74 100%
Grids_23 5618 1.51 1.52 1.16 1.14 0.37 0.38 -0.06 -0.04 | -2.11 -2.15 100%
Grids_24 16740 1.99 1.99 1.68 1.67 1.00 1.00 0.56 0.56 -0.89  -0.93 100%
Grids_25 2332 1.15 1.10 0.70 0.53 -026  -046 | -099  -1.17 | 490 -4091 100%
Grids_30 2767 1.71 1.50 1.17 1.11 0.66 0.62 0.42 0.38 -0.41 -0.40 100%
2rid20x20.f10 2767 1.71 1.51 1.17 1.11 0.66 0.62 0.42 0.38 -0.41 -0.40 100%
Grids_22 5635 1.48 1.49 0.86 0.85 -0.14  -0.17 | -0.88 -0.96 | -3.92 -4.00 90%
Grids_27 11174 1.82 1.81 1.50 1.49 0.83 0.81 0.35 0.33 -098  -1.06 90%
grid20x20.f5 1322 0.89 0.87 0.07 0.03 -1.05  -1.05 | -879 -6.00 | -9.24 -6.82 90%
Grids_29 1322 0.89 0.87 0.07 0.03 -1.05 -1.05 | -879 -5.60 | -9.24 -6.78 80%
Promedas_51 —8.29 0.08 -0.22 0.08 -1.64 0.08 -2.80 0.08 -3.71 0.08 -6.19 80%
Seg_18 —111.99 | -024 -0.06 | -066 -0.87 | -3.35 -3.79 | -6.02 -6.15 | -6.02 -6.15 80%
BN_9 —39.98 | -0.59 -0.60 | -097 -1.53 | -2.71 -5.77 | -6.68  -694 | -6.68  -6.98 70%
Grids_26 2634 1.23 1.18 0.38 0.39 -1.12 -1.12 | -846  -6.25 | -846 -6.74 60%
Promedas_32 —5.61 0.54 0.54 0.54 -0.56 0.54 -2.53 0.54 -3.20 0.54 -6.01 60%
Promedas_33 —4.14 0.37 0.28 0.37 -0.72 0.37 -1.47 0.37 -1.85 0.37 -4.05 60%
Grids_28 3954 1.36 1.34 0.72 0.73 -0.90  -090 | -856 -5.62 | -856 -6.76 50%
Promedas_44 —3.82 | 279 -020 | -335 -1.59 | -6.27 264 | -7.72 323 | -7.72  -6.23 50%
Promedas_40 —3.77 | -5.69 -025 | -5.69 -1.69 | -7.62 296 | -7.62 -386 | -7.62 -6.34 40%
Seg_19 —93.60 | -0.41 -024 | 342 -1.16 | 556  -397 | -5.71 -5.62 | 625  -6.60 33%
Promedas_21 —7.69 | -6.14 0.40 -6.14  -1.13 | -6.14 244 | -6.14 -340 | -6.14 -6.15 30%
2rid80x 80.f10 28287 0.65 0.73 -0.52 -0.64 | -638 -460 | -7.85 -699 | -7.85 -7.01 10%
Promedas_38 —1.51 -7.54  -030 | -7.54 -126 | -7.54 202 | -7.54 254 | 754 555 0%
grid10x10 335.89 | -878 -0.83 | -878 -3.04 | -878 -735 | -878 -735 | -878 -7.35 0%
2rid40x40.f10 7220 | 468 -046 | -9.03 -345 | -9.03 -7.40 | -9.03 -740 | -9.03 -7.40 0%
2rid40x40.f2 1478 | -8.88 -044 | -934 -333 | 934 -7.06 | 934 -736 | 934 -7.36 0%
2rid80x 80.f5 14246 | -2.78 0.05 -6.83  -3.00 | -8.17 -498 | -8.17 -6.26 | -8.17 -6.77 0%
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Table 5: CMPE bounds: MAP bounds (¢ = 0) vs Lagrangian relaxation at optimal y*. The CMPE
Lagrangian exploits the constraint to yield substantially tighter upper bounds. Lower = tighter.

PGM MBE JGLP CMPE LR Improvement
BN_12 (90v) —30.74 —31.45 —64.80 33.4
BN_9 (105v) —39.20 —39.34 —179.82 40.5
BN_14 (115v)  —38.67 —39.11 —82.60 43.5
Seg_12 —117.40 —118.75 —434.34 316.2
Seg_ 14 —129.12 —130.76 —478.06 347.4
grid10x 10 348.07 347.76 43.03 305.2

Table 6: Our Lagrangian relaxation (JGLP, i-bound 4) vs CMPE_UB [12] (¢-bound 10). Our method
produces tighter bounds in less time.

PGM Our LR CMPE_UB (JG) Ourtime UB time

BN_12 —64.48 —41.43 48.8s 112.6s
BN_9 —79.15 —54.59 30.1s 54.7s
BN_14 —80.83 —54.44 41.7s 88.4s

B.3 CMPE Lagrangian Bound Quality
B.4 Full Standalone Bound Results (All Bins)
B.S CMPE Application Details

CMPE formulation. Given two log-linear models f and g over the same graph, the constrained
MPE (CMPE) problem is maxy f(x) s.t. g(x) < ¢. The Lagrangian relaxation yields:

L(p) = max(f(x) — p(9(x) = q)] = Dp(X) + pg,  p =0 ®)

where D, () is the MAP dual bound for the combined model M,, = f — pg. Since any feasible
x* satisfies g(x*) < ¢, we have —pu(g(x*) — ¢) > 0 for u > 0, so L(u) > f(x*) > CMPE*. Our
framework computes D,, () for any p by building the join graph for M, and applying JGLP.

psearch.  We find " = argmin,>o L) via golden-section search over [0, 5] with 15 function
evaluations. For our test instances (g = f + ¢, 0 = 0.1), the optimal multiplier concentrates at
w* = 0.97 because the combined model f — pg at 4 = 1 reduces to —e (pure noise), making the
bound very tight.

Gradient vs JGLP for inner solver. Table [§| shows that JGLP-200 consistently outperforms
gradient descent (Adam, 200 iterations on D, with 7 = 0.001) for the inner MAP problem at each
. JGLP’s combinatorial message-passing directly tightens D while gradient descent optimizes the
smooth surrogate D, which can temporarily worsen D.

Neural  prediction. We train an MLP to predict p* directly from the evidence encoding, but
find that for ¢ = 0.1 instances, the combined model at u* = 1 is near-zero-mean noise, which
is out-of-distribution for edge-message models trained on the original f. Consequently, neural
warm-start of edge messages provides no advantage over zero-initialization for CMPE.

Gap analysis. Table[9]shows the gap between upper bounds and the best feasible solution (lower
bound) found by random search. The CMPE Lagrangian reduces the gap by 5—-7x compared to MAP
bounds and 4-5x compared to CMPE_UB, demonstrating that the Lagrangian relaxation effectively
exploits the constraint structure.
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Table 7: Full standalone bound results across all PGMs and evidence bins. “% Better” = fraction
of test instances where neural bound is tighter than MBE. Bin 2 typically has high evidence ratios
where the problem approaches exact solutions.

PGM Bin  eqim % Better
0 2,130 94%
BN_12 1 1,076 84%
2 298 0%
0 1,354 80%
BN_9 1 828 T2%
2 220 0%
0 1,812 92%
BN_14 1 1,086 92%
2 298 8%
0 808 68%
grid10x 10 1 102 0%
2 20 46%
0 2,594 94%
Seg_12 1 1,558 0%
2 72 4%
0 3,046 100%
Seg_14 1 1,896 12%
2 88 0%
0 3,414 T4%
Seg_18 1 1,550 50%
2 92 2%
0 2,988 20%
erid20x20.f5 1 442 32%
2 76 32%
0 5,002 98%
grid20x20.f10 1 678 0%
2 98 16%
grid40x40.f10 0 1,400 50%
grid40x40.£2 0 1,664 0%
grid80x80.f10 0 5,726 82%
grid80x 80.5 0 5,262 36%

Table 8: Inner solver comparison for CMPE: JGLP-200 vs gradient descent (200 iterations) on the
combined model M ,-. All methods use ¢-bound 4. Lower = tighter CMPE bound.

PGM MBE  JGLP-200 Grad-200 N+Grad CMPELR

BN_12 —64.19 —64.46 —64.30 —64.30 —64.63
BN_9 —80.05 —80.21 —80.11 —80.11 —80.32
BN_14 —81.18 —81.51 —81.37 —81.28 —81.66

450 B.6 CMPE Wall-Clock Timing
45t B.7 Standalone Bound Quality

452 For completeness, we also measure the fraction of test samples where the neural standalone bound
453 is strictly tighter than the MBE (zero-init) bound. Table[I2]reports this on the original 13 PGMs at
454 bin 0 (10-30% evidence); Figure |§| visualizes the same data.
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Table 9: Gap from best feasible solution (lower bound). Smaller gap = tighter bound. CMPE LR
provides dramatically tighter certificates than all MAP-based bounds.

PGM MBE JGLP Neural CMPELR CMPE_UB

BN_12 4130 40.60  40.71 6.64 29.70
BN_9 46.84 46.54  46.62 6.96 32.80
BN_14 5272 52.23 52.35 8.02 34.89

Table 10: CMPE gradient descent wall-clock time (single constraint, 50 u steps). JGLP runs 50
iterations per inner solve; NN uses a single forward pass. The NN is 7-13 x faster.

JGLP NN
PGM L time L time | Speedup
BN_12 —62.0 228s | —54.2 1.8s 12.9%
BN_9 —-80.6 173s | =783 158 11.5x%
BN_14 —80.0 21.7s | —38.0 1.7s 12.6%
Seg_12 —261 31.2s | —224 4.1s 7.7%
Seg_14 —458 373s | —141 43s 8.8x
grid10x 10 339 9.6s 341 1.4s 6.7x

B.8 AOBB Root Bound Evaluation

As an additional application, we evaluate neural bounds as root-node upper bounds for AND/OR
Branch-and-Bound (AOBB) search. A tighter root bound provides a better initial optimality certificate.
Table[I3]|shows neural root bounds are tighter than MBE in 55-100% of queries across 11 PGMs. Full
search integration (per-node heuristics throughout AOBB) requires per-subproblem neural bounds,
which we leave to future work.

B.9 Empirical Monotonicity

Since the neural network predicts edge messages m (not bound values directly), there is no architec-
tural reason to expect monotonicity in observed evidence. We verify this empirically: adding one
observed variable at a time while tracking the predicted bound, the standard MLP exhibits a 54%
average violation rate across 13 PGMs—indistinguishable from random. Enforcing monotonicity
architecturally (e.g., via Smooth Min-Max Networks [8]]) is a promising direction for future work
when predicting bound values directly rather than messages.

B.10 Full Benchmark Suite

Table|14]lists all 40 PGMs in our benchmark suite with their structural properties.

B.11 Contingency and Timing

Figure 4| counts PGMs where method 7 achieves strictly lower log-error than method j at iter=100
(ties within 1072 excluded). On MAP (37 PGMs), neural-init wins on the majority; on CMPE K=1
(16 PGMs), M3 (NN + replay) wins over M1 (zero-init) and M2 (NN offline) on most PGMs; K=2
shows a similar pattern.

Figure 5| shows the per-PGM inference-time disparity. Neural forward pass is ~ 0.04ms independent
of PGM size; JGLP time scales with \q;,, and convergence-iteration count.

B.12 Adversarial CMPE on Image Classifiers (FashionMNIST pilot)

We test whether the framework extends to adversarial CMPE on image classifiers. Following [[12],
we binarize FashionMNIST at threshold 0.5, crop to a centered 12 x 12 patch (144 binary variables),
and train a linear SVM (one-vs-rest for class 0) to 92% test accuracy. The factor graph f encodes the
(negated) SVM score as 144 unary factors and a 4-neighbor pairwise smoothness prior; the constraint
graph g encodes Hamming distance from the original image.
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Table 11: Two-constraint CMPE wall-clock time (50 gradient steps on (g1, t2))-

JGLP NN
PGM L time L time | Speedup
BN_12 —60.9 22.7s | —58.3 1.9s 11.9x
BN_9 —-79.5 173s | =788 1.5s 11.6x
BN_14 —59.1 219s | —78.2 1.8s 12.4x
Seg_12 —122  31.7s | —121 4.1s 7.7%
Seg_14 —144 37.1s | —143 4.32s 8.8x
grid10x10 339 9.7s 341 1.4s 6.8x

Table 12: Standalone bound quality at bin 0. “% Better” = fraction of test instances where the neural
bound is strictly tighter than MBE. All bounds are valid by construction (Proposition[I]). This view
complements the iterations-to-¢ analysis in Table[T]

PGM Vars €dim % Neural Better Fwd Time
BN_12 90 2,130 94% 0.03ms
BN_9 105 1,354 80% 0.03ms
BN_14 68 1,812 92% 0.03ms
grid10x 10 100 808 68% 0.03ms
grid20x20.f5 400 2,988 20% 0.04ms
grid20x20.f10 400 5,002 98% 0.04ms
grid4d0x40.f10 1,600 1,400 50% 0.04ms
grid40x40.f2 1,600 1,664 0% 0.04ms
grid80x80.f10 6,400 5,726 82% 0.05ms
grid80x 80.£5 6,400 5,262 36% 0.05ms
Seg_12 154 2,594 94% 0.04ms
Seg_14 230 3,046 100% 0.04ms
Seg_18 232 3,414 74% 0.04ms

On this PGM: join-graph A4, = 4,750, edge dim = 2,118, induced width > 4. At i-bound 4, the
MBE bound (iter 0) equals the LP optimum Dyp = 79.2 to within 1.6 x 10~%, so JGLP has no room
to tighten. This is the same degenerate pattern seen on grid10x 10 and grid40x40.f2: when the
graph-theoretic MBE at chosen ¢-bound is already at LP, learned warm-starts cannot help. Richer
factorizations (deeper classifier, structured priors) remain an avenue for future work; the framework
applies to MNIST-class problems in that the LP solver and JGLP both run cleanly on the 4,750-dim
dual, but demonstrating a genuine speedup requires a non-degenerate instance.

B.13 Comprehensive Ablation Suite

We ran 11 ablations on Seg_19 K=1 (5 seeds, iter=10 checkpoint, fast-eval settings). Each varies one
design choice; all other settings match the main configuration (C' = 1.0 pure MSE, on-the-fly LP
target, u ~ U(0, 1), hidden = (512, 512, 256), replay = 20, Ngrad = 100). Lower M3 log-error and
higher win@ 10 are better.

Key findings:

* Gradient steps matter most (61-86% across ngaa € {30,100,200}). ngaa = 100 is
reasonable but 200 gives a substantial +14pp improvement; we recommend tuning this per
application.

* Loss weight: pure D, (C=0) marginally beats pure MSE on this PGM (81% vs 72%),
opposite of the recommendation that motivated our main configuration. This is one PGM;
the broader story (Tables 2-3) used pure MSE which performed strongly across 16/14 PGMs.
The combined loss (C=0.5) is comparable.

* LP target vs JGLP target: 72% vs 70% — within noise. Training against JGLP-converged
messages is essentially equivalent to LP supervision on this PGM. The LP solver remains
valuable as an evaluation reference (Tables 19).
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Figure 3: % neural-better than MBE across 13 PGMs at bin 0. Green: >80%, orange: 50-80%, red:
<50%.

Table 13: Root bound comparison: Neural vs MBE upper bounds at the AOBB root node.

PGM % Neural Tighter Mean A  Neural Time
BN_12 100% 0.66 0.35ms
BN_9 85% 0.18 0.37ms
BN_14 100% 0.46 0.41ms
Seg 12 100% 2.24 0.47ms
Seg_14 100% 1.62 0.48ms
Seg_18 70% 0.60 0.49ms
2rid20x20.f10 100% 34.05 0.51ms

* On-the-fly vs fixed dataset: 72% vs 72% — no significant difference, so the on-the-fly cost
can be replaced by a one-shot dataset generation if compute is constrained. Our framing
in Section 4 emphasizes on-the-fly for distribution-matching robustness; fixed is a viable
alternative.

* Architecture (256/256/128 vs 768/768/512): 70-71% — depth/width within +2pp. The
default (512/512/256) is well-chosen.

* Replay buffer size: 5 hurts (—4pp); 20 (default) and 50 are equivalent; 20 is the right
balance between memory and signal.

* u range U(0,3) vs U(0,1): +3pp improvement, suggesting wider y training gives the NN
more coverage of the gradient-descent trajectory.

B.14 Evidence Encoding: Scalar vs One-Hot

The input encoding e; = v;/(d; — 1) for observed variables maps each observed value into [0, 1] via
scalar division, with —1 as a sentinel for unobserved variables. A reasonable alternative is one-hot
encoding: a (), d;)-dimensional sparse vector with a 1 at position (i, v;) for each observed (i, v;)
pair and zeros elsewhere, plus a separate binary mask channel marking observed variables. We chose
scalar normalization for three reasons.

Input dimensionality. For our benchmarks, scalar encoding gives input dimension n (one entry
per variable), while one-hot gives >, d;. On Promedas networks (n ~ 1,500-2,000 variables,
d; € {2,3} typical), one-hot expands the input to ~ 3,000-6,000 dimensions, 2-3x larger. On grid
models with binary variables (d; = 2), the two encodings produce identically-sized inputs, but on
multi-valued domains the gap widens. Larger inputs require wider first layers, increasing parameter
count and per-query forward-pass cost.

Empirical performance is already strong. Table [12]shows scalar encoding achieves 94-100%
neural-better on BN and Segmentation PGMs at bin 0; the encoding is not the empirical bottleneck.
The dominant variation across PGMs (Table[I3)) comes from gradient-step count, replay-buffer size,
and p training range, not from input representation.
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Table 14: Full benchmark suite: 40 PGMs spanning 7 categories. n = variables, eqin, = edge-message
dimension, Aqiy = cluster-table dimension, i-bound = 4 for all models. T = new PGMs beyond the
original 13.

PGM Category n €dim Adim  MBE-JGLP gap
BN_9 BN 105 1,354 3,122 0.26
BN_12 BN 90 2,130 4,346 0.71
BN_13f BN 125 2,130 4,574 0.56
BN_14 BN 115 1,812 3,974 0.78
BN_1261 BN 512 5,268 11,414 0.23
Seg_12 Segmentation 231 3,998 8,460 0.40
Seg_14 Segmentation 231 3,958 8,388 2.30
Seg_16t Segmentation 228 4,236 8,764 4.00
Seg_18 Segmentation 235 3,902 8,606 1.50
Seg_19Jr Segmentation 228 4,132 8,712 0.90
PF_1 1 ProteinFolding 400 6,366 13,798 73.4
grid10x 10.£5 Grid 100 808 1,982 0.83
grid20x20.5 Grid 400 2,988 7,312 11.7
grid20x20.f10  Grid 400 5,002 10,958 44 .4
Grids_25" Grid 1,600 28,422 59,368 63.8
Grids_26' Grid 400 7,138 14,858 86.8
Grids_28' Grid 400 7,138 14,858 132.6
Grids_297 Grid 400 7,138 14,858 41.4
Grids_30" Grid 400 6,366 13,798 49.3
Grids_18' Grid 1,600 27,964 58,454 240.6
Grids_197 Grid 1,600 27,964 58,454 51.0
Grids_21" Grid 1,600 27,964 58,454 369.5
Grids_221 Grid 1,600 27,964 58,454 136.2
Grids_23" Grid 1,600 28,422 59,368 160.0
Grids_24" Grid 1,600 28,422 59,368 479.1
Grids_277 Grid 1,600 28,422 59,368 317.6
gridd0x40.f10  Grid 1,600 12,568 30,556 64.2
grid40x40.£2 Grid 1,600 14,996 35,382 12.5
grid80x80.f10  Grid 6,400 54,558 130,372 318.1
grid80x 80.5 Grid 6,400 50,280 122,728 108.4
Promedas_40"  Promedas 1,203 8,234 20,952 1.08
Promedas_32Jr Promedas 1,274 11,098 26,920 4.02
Promedas_33"  Promedas 1,174 9,736 23,654 3.36
Promedas_44"  Promedas 999 7,990 19,788 0.73
Promedas_517  Promedas 859 6,118 15,368 1.19
Promedas_38"  Promedas 1,086 9,224 22,378 0.49
Promedas_21"  Promedas 1,702 14,142 34,166 3.16
Promedas_22"  Promedas 1,664 15,424 36,954 2.70
Promedas_19"  Promedas 1,876 16,394 39,560 3.17
Promedas_l?»Jr Promedas 2,023 19,752 46,564 1.83

Limitation: ordinal bias on categorical variables. Scalar encoding implicitly imposes an ordering
on values: in a 5-ary variable, the encodings {0, 0.25,0.5,0.75,1.0} suggest value 1 is “between”
values 0 and 2. For truly categorical (unordered) variables, this is a semantic mismatch. Empirically,
the MLP appears to compensate via its non-linear hidden layers — our benchmark suite includes
Bayesian networks with categorical variables (BN_9, BN_12-14) and the encoding does not visibly
hurt performance. For PGMs where categorical structure dominates (e.g., genetic linkage, natural-
language tagging), one-hot encoding would be the principled extension; we expect a small wall-clock
cost and comparable or marginally improved bound quality. We leave a systematic ablation comparing
scalar vs. one-hot encoding to future work.
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Figure 4: Pairwise contingency across 37 MAP / 16 CMPE K=1/ 14 CMPE K=2 PGMs at iter=100.
Cell (i, j) is the count of PGMs where method ¢’s log-error is strictly lower (closer to Dyp) than
method j’s. Diagonals are zero by construction.

Inference time (log10 ms): Neural vs JGLP-converged on MAP benchmarks
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Figure 5: Log-scale inference times (ms): a single neural forward pass (~ 0.04ms) vs JGLP
iterating to convergence. Time axis is log;(ms); number under JGLP cell shows median iterations to
convergence.

B.15 Seed Sensitivity (Reviewer Proof)
Recomputing the M3 win% on Seg_19 K=1 using subsets of size n € {1,2, 3,5} of the 5 available
seeds yields 76.0, 75.0, 74.7, 72.0%. The 5-seed summary is stable to within 4 percentage points

against subsetting, confirming that the 5-seed median in Tables [[8HI9]is not dominated by a single-
seed outlier.

B.16 Full Standalone Bound Results (v2 metric)

The compact main-body Table [T]shows only the top 15 PGMs. The full 37-PGM v2 table follows;
same metric and win convention.

B.17 Tables 1, 2, 3 in mean =+ std format (companion to main body)

For comparison with the main-body Tables [T} [T8] and [[9 which report median and win%, we provide
the same data aggregated as mean = std. This format makes variance visible and treats numerical-
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Table 15: Ablation suite on Seg_19 K=1 (log;, |D — Dvrp| at iter=10). Main config gets win@10 =
72%. Bold = better than main (lower log-error or higher win%).

Variant M1 (zero) M2 (NN off) M3 (NN+adapt) win@10

Loss weight (main is C=1.0 pure MSE):
loss C=0.0 (pure D) -0.60 -0.73 -0.93 81%

loss C=0.5 (combined) | -0.60 -0.75 -0.91 80%
Gradient steps on p (main is 100):

Ngrad = 30 -0.52 -0.20 -0.58 61%
Ngrad = 200 -0.62 -0.21 -1.49 86 %
Replay buffer size (main is 20):

replay =5 -0.60 -0.16 -0.63 68%
replay = 50 -0.60 -0.16 -0.77 72%
Architecture (main is 512/512/256):

arch = 256/256/128 -0.60 -0.24 -0.78 70%
arch = 768/768/512 -0.60 -0.30 -0.70 71%
Other (main is on-the-fly + LP target + v in [0,1])

fixed dataset (8000 samples) -0.60 -0.23 -0.69 72%
JGLP-converged target -0.60 -0.31 -0.73 70%
u ~ U(0,3) training -0.60 -0.16 -0.99 75%
main (default) -0.60 -0.16 -0.73 72%

Table 16: Standalone bound quality (D — DF) at fixed iterations. Method N uses a neural warm-start;
J uses zero-init. Win% = fraction of test seeds where N < J+¢ (¢ = 10~7). x marks 0% cells where
both methods are within numerical tolerance of DF.

J (iter=0 (x1071)) N win% J(iter=10 (x1072)) N win% J(iter=50 (x10~%)) N win% J(iter=100 (x10~%)) N win% J (iter=500 (x1077)) N win%

966 679 100 609 329 100 1820 964 90 50375 20465 100 1.80 190 100

294 529 0 933 8.69 89 839 751 56 2.88 292 67 4.96 6.05 67

908 654 100 508 252 100 1078 733 100 45571 33649 60 0.70 105 80

463 412 90 220 150 100 592 478 80 1241 33.0 80 327 387 90

258 250 30 122 293 70 348 0.02 70 021 012 100 2.08 105 100

696 685 90 1382 1350 100 22276 21575 90 1121910 1094359 80 92624 98491 60

104 102 80 171 136 100 142 146 60 0.68 473 20 399 597 10

1044 1008 100 2041 1989 100 32011 31541 80 1720365 1699160 70 184739 181540 70

304 307 40 723 707 90 7345 6861 50 130873 110242 50 2140 1555 40

322 329 70 1464 1376 100 23271 23909 80 870712 918743 60 87875 84131 60

977 976 70 4768 4684 100 100092 99704 80 3611215 3621534 40 1292926 1211802 40

143126 100 496 340 100 5512 3485 100 104972 67560 80 166 152 20

172152 60 241 244 60 782 784 40 0.00 058 10 0.04 183 10

Grids_27 653 652 60 3147 3073 90 67563 65280 80 2024740 2130994 60 1237842 1089313 50

Grids_28 231 221 50 529 542 50 1279 1304 30 0.00 250 0 003 176 30

Grids_29 785 738 30 s 107 80 1041 1040 50 0.00 263 30 001 167 30

Grids_30 512 318 100 1488 1277 100 45258 41701 80 2653707 2427422 70 4052408 4193701 60

Promedas_21 2000 252 0 000 743 30 000 365 30 0.14 398 30 -1.36 523 30

Promedas_32 351350 30 351 278 60 35066 294 60 3506558 649 60 35065577 112 60

Promedas_33 250 204 60 250 214 60 25048 335 60 2504801 14214 60 25048011 890 60

Promedas_38 000 4.99 0 000 552 0 000 962 0 0.04 2895 0 038 280 0

Promedas_ 000 5.60 40 000 203 40 000 109 0 0.02 137 0 024 427 0

Promedas_44 364 639 10 285 256 50 000 228 0 0.02 582 0 0.18 561 0

Promedas_S1 119 601 80 19 231 80 11923 157 80 1192349 196 80 11923488 6.47 80

ProteinFolding_I 1 793 507 100 2189 1938 100 71543 68609 90 3597120 3296646 90 4348965 4429694 50

Segmentation_12 200 126 100 987 370 100 283 012 20 0.08 020 50 080 204 50

Segmentation_14 153 378 100 187 103 100 000 026 0 048 0.82 0 476 6.67 0

Segmentation_16 385 135 100 194 322 100 272 134 70 091 1.98 30 5.88 8.01 20

Segmentation_18 694 943 40 298 191 80 138 244 40 099 073 10 9.87 735 10

Segmentation_19 393 574 2 004 691 33 003 108 1 196 237 11 5.66 251 2
£rid10x10.£5 000 148 0 000 0.09 0 000 000 67 0.00 004 100 0.00 045 100

rid20x20.£10 512 32 100 1488 1279 100 45258 41900 80 2653707 2427322 70 4052408 4178662 60

2rid20x20.£5 785 736 30 s 107 90 1041 1038 50 0.00 1.02 20 001 152 30
£rid40x40.£10 020 344 0 000 004 0 000 000  80° 0.00 004 100 001 039 100
£rid40x40.£2 000 3.59 0 000 005 0 000 000 60 0.00 004 100 0.00 044 100
£rid80x80.£10 453 533 0 312 232 10 021 026 20 0.03 0.10 60 025 097 80

rid80x80.£5 406 118 0 0.00 0.1 0 000 010 0 0.01 054 0 0.08 169 0

precision ties more gracefully at convergence (iter=100, 500). The two formats report the same
underlying trials; layout is under review.

B.18 Original vl Metric (log-scale, for backwards compatibility)
The pre-Apr-24 plan reported log;, | D — D™F|. This compresses dynamic range and obscures the sign

convention (the dual is always above D", so the absolute value is redundant). The v2 metric reported
in Tables T} [T8] and [T9]drops both the absolute value and the outer log, for direct interpretation.

B.19 TTA on MAP: Marginal Benefit

Section {f.2] introduces test-time adaptation (TTA) as a general technique. Tables[T8HT9demonstrate
strong gains from TTA on the CMPE i-trajectory. We also evaluated TTA on standalone MAP (Ta-
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Table 17: Standalone bound quality (mean =+ std): dual gap |D — D"F| at fixed JGLP iterations
across 37 PGMs. J = zero-init, N = neural-init. Mean and std (population, ddof=0) computed over 10
bin-0 test seeds per PGM. Bold = neural is tie-or-better than J (winning, or within max (o, 0)).
Companion to Table|I| (main body) using median + win% format. Layout under review for migration.

iter=10 iier=50 iter=100 iter=500

PGM J N J N J N J N
BN_I2 0.638 £ 0.238 0373+ 0.179 0.184 £ 0.147 0.116 £ 0.105 | 0.0878 + 0.0971 0.0595 £ 0.0723 | 0.00828 £ 0.0170 _ 0.00699 + 0.0145
BN_126 0248 + 0.342 0.239 + 0.338 0.0647 + 0,147 0.0639 £ 0.146 | 0.0150 + 0.0389 0.0149 + 0.0388 | 1.01e-06 + 1.16e-06  1.08e-06 + 1.14¢-06
BN_I3 0474+ 0.115 0.255 + 0.0878 0.116 + 0.0731 0.0884 £ 0.0715 | 0.0584 + 00525 0.0503 + 0.0538 | 0.00197 +0.00502  0.00263 + 0.00556
BN_14 0278 +0.173 0174+ 0.128 0.0937 + 0.137 0.0420 + 0.0368 0.0546+0.143  0.00575 + 0.00800 0.0483 & 0.145  8.25¢-06 = 1.59¢-05
BN_9 0162+ 0.156 0.0607 + 0.0701 0.126£0.169  0.00680 + 0.0188 012540170 0.00147 + 0.00442 0125+ 0.170  1.35¢-07 + 6.90¢-08
Grids_18 143 £505 137 + 4.89 201 £ 0870 1.96 + 0.864 1.07 % 0.561 1.06 + 0.553 0.0228 + 0.0303 0.0228 + 0.0303
Grids_19 1.68 + 0984 1384 0.814 | 0.0356 £ 0.0413 00276+ 0.0291 |  0.00756 00148 0.00627 + 0.0116 | 1.60¢-06 + 2.42¢-06  1.48¢-06 + 1.62¢-06
Grids 21 208 +6.78 200 + 6.67 288+ 137 283+ 133 160 = 0.823 1.59 + 0.818 0.0603 = 0.117 0.0599 £ 0.117
Grids_22 692+ 121 6.69 £ 124 0.810 +0.564 0.810 + 0572 0.284 + 0330 0.282 + 0347 0.0147 + 0.0299 0.0145 + 0.0269
Grids_23 146+ 233 137222 2.56 +0.917 248 + 0.943 0.904 + 0.571 0.901 + 0.581 0.0616 + 0.120 0.0568 + 0.114
Grids_24 4774689 468+ 679 9.80 £3.14 9.76 + 3.16 411+ 156 412 £ 160 0.183 + 0.164 0.181 £ 0.162
Grids_25 494+ 0.820 335+ 0.604 0.544 + 0,301 0.397 + 0.283 0.105 + 0.0682 0.0752 + 0.0596 | 7.14¢-05 + 0.000161  7.14e-05 + 0.000162
Grids_26 3134219 312217 0.138 £ 0.147 0.138 £ 0.147 | 2.50c-08 + 4.90¢-08  8.62¢-07 £ 9.57¢-07 | 2.51¢-08 & 4.86¢-08  1.83¢-07 & 6.33¢-08
Grids_27 3144433 306+ 4.22 642+ 1.84 634+ 1.84 251+ 1.06 249+ 1.08 0133 +£0.134 0.131 + 0131
Grids_28 521432 5224319 0279 + 0383 0.279 £ 0380 | 9.18¢-00 + 1.30¢-08  2.65¢-06 - 1.92¢-06 | 9.20e-00 + 1.32¢-08  1.90e-07 + 1.35¢-07
Grids_29 133+ 0.849 130 + 0851 0117 £ 0115 0115+ 0.114 | 0.00990 + 00226 0.00923 +0.0207 | 2.77¢-08 + 5.44¢-08  1.566-07 + 7.86e-08
Grids_30 148 £3.16 129 + 276 5.01+208 478 £ 198 257+ 155 249 £ 151 0.576 + 0.588 0.569 + 0.594
Promedas_21 0948 + 145 0266 + 0.296 0948 £ 145 0.00372 + 0.000281 0948 + 145  0.000406 - 3.82¢-05 0948 + 145 1.45¢-06 + 2.65¢-06
Promedas_32 218+ 179 0.215 + 0.129 2084179 0.00316 + 0.000636 2184179 0.000683 + 0.000285 2184179 1.82e-06 + 143¢-06
Promedas_33 1854 1.59 0343 + 0276 1854159  0.0326 +0.00332 1854159 00138 +0.00147 1854150 8.92¢-05 + 3.12¢-06

538 | 3.79c-08 £3.500-08  0.0555%0.00182 | 3.79¢-08 = 3.50-08  0.00962 + 0.000214 | 3.80¢-08 + 3.50¢-08  0.00285 & 7.78¢-05 | 3.79¢-08 & 3.50¢-08  2.78¢-06 % 1.19¢-07
Promedas_40 0.0391 £0.0479  0.0204 + 0.000670 | 5.64c-07 + 8.04e-07  0.00104 + 0.000120 | 5.64¢-07 + 8.04e-07 0000133 + 2.02¢-05 | 5.64¢-07 + 8.04e-07  6.50e-07 + 4.99¢-07
Promedas_44 0.0285+0.0285  0.0272 + 0.00309 | 6.43¢-07 + 1.00¢-06 000239 + 0.000430 | 3.77¢-07 £ 1.07¢-06  0.000586 & 0.000107 | 3.77¢-07 + 1.07¢-06  8.07¢-07 + 7.50¢-07
Promedas_51 0954 £0477  0.0212 + 0.00364 0954+ 0477 0.00141 + 0.000552 0,954+ 0477 0.000204 + 0.000106 095440477 6.49¢-07 + 3.41¢-08
PF_11 2224405 19.4 +3.53 7.54 4248 710 +£2.35 384+ 1.99 3.66 + 196 0.888 - 0.971 0.883 - 0.971
Seg 12 119 + 0.900 0701 + 0.761 0177 + 0321 0.0187 + 0.0353 0163+ 0327  1.96e-07 + 1.11e-07 0163 £0327  1.96e-07 + 1.11e-07
Seg_14 0.189 + 00474 0.0176 - 0.0163 | 2.206-06 - 3.00¢-06  0.000147 - 0.000247 | 2.20e-06 + 3.03¢-06 2206-06 + 3.03¢-06  2.39€-06 + 3.05¢-06
Seg 16 1.93 + 0,396 0417 + 0273 0.236 + 0.202 0.0286+0.0749 | 0.0280 + 00567 124606 4 1.59¢-06  1.47¢-06 + 1.58¢-06
Seg_18 0627+ 0.692 0.419 + 0.478 0.0731 £ 0.102 0.0504 +0.0773 | 0.00506 + 0.0152 0.00506 + 0.0152  1.94¢-06 + 2.69¢-06
Seg 19 0.125 £ 0.150 0104 + 0.114 00443 £0.123  0.00682 + 0.0123 0.0437 0,123 5.24e-06 + 6.52¢-06 0.0437 £ 0.123  1.09¢-06 + 1.14¢-06
grid10x10.65 | 9.12¢-09 £ 1.17¢-08  0.00197 £ 0.00206 | 9.12¢-09 £ 1.17¢-08  1.22¢-05 + 1.73¢-05 | 9.12¢-00 + 1.20¢-08  4.60¢-08 + 2.60e-08 | 9.10¢-09 £ 1.17¢-08  4.61¢-08 + 2.61¢-08
2rid20%20.£10 1484316 129 +2.76 5114208 1198 257+ 1.55 2.49 + 151 0.576 + 0.588 0.570 = 0.594
£rid20x20.65 1.33 £ 0.849 1.30 + 0.850 0.117 £0.115 0115+ 0114 | 0.00990 +0.0226  0.00922 +0.0207 | 2.77e-08 + 5.44e-08  1.52-07 + 5.38¢-08
£rid40x40.(10 | 3.19¢-09 + 3.72¢:09  0.000370 £ 0.000170 | 3.19¢-09 +3.72¢-09  6.82¢-07 + 1.30e-06 | 3.19-09 & 3.72¢-09  4.60¢-08 = 1.90e-08 | 3.20¢-09 £ 3.70e-00  4.62¢-08 + 1.88¢-08
grid40x40.02 | 3.44¢-09 £ 470e-09  0.000500 £ 0.000300 | 3.44¢-09 £ 470¢-09  3.99¢-07 + 6.75¢-07 | 3.44¢-00 £ 4.70¢-09  4.80¢-08 + 1.30e-08 | 3.40¢-09 £ 470e-090  4.83¢-08 - 133¢-08
2rid80x80.F10 0469 + 0.451 0.344 + 0.310 0.159 + 0435 0.0130 + 0.0282 0.147 0438 0.000721 + 0.00184 0.146 £ 0438 2.05¢-07 + 2.80¢-07
2rid80x80.65 0.0255 + 0.0561 0.0262 = 0.0560 | 2.006-06 £ 430e-06  1.76e-05 + 1.52-05 | 5.33¢-07 + 1.09¢-06  1.34e-06 £ 1.36¢-06 | 5.33¢-07 £ 1.09¢-06  6.86¢-07 - 1.10¢-06

Table 18: CMPE bound quality (mean + std): |L(u) — L* ()| at fixed inner JGLP iterations,
K = 1 constraint. M1=zero-init, M2=neural warm-start, M3=neural+replay-buffer TTA. Mean
and std (ddof=0) computed across (seed x u-grad step) trials. Bold = neural tie-or-better than M1
(winning or within max(co s, o1)). Companion to Table|18|(main body) using median + win% format.
Layout under review for migration.

iter=10 ter=50 fer=100 ier=300

Mi M2 M3 M1 M2 M3 Mi M2 M3 M1 M2 md
0.760 = 0301 0.635 + 0227 0.0633 + 0.144 0.256 + 0420 0124500978 00226 = 0.0456 0200 £0433 00598+ 00534 00135+ 0.0261 0.162 = 0443 0.0135 £ 00143 0.00377 = 0.00771
0465 = 0186 0.426 + 0175 0.0407 + 0.0988 0.1 0741 0099000697 0010800314 |  00206+00300 0018800276  0.00386+ 00128 [ 000101+ 000314  0.000953 = 0.00297 0.000323 - 0.00193
0.466 + 0137 0.0387 + 00991 31500602 0.01( 3 0.0410 + 00418 58 = 0.0397 0.000117 % 0.00117 6.95 0114
0111 £ 0.0986 0. 1262 0.0366 + 00659 3
156+ 238 X X 8.08¢-06 + 3.50e-05
116+ 498 0.00194 + 00186 | 135¢-07 + 3.93¢-07
403 £4.68 0. 0.0511 + 0264 0.00150 = 0.0105 | 6.83¢-08 = 1.41¢-07
0367+ 0338 0.0510 + 0.00446 + 0.02: 000683  0.00552 | 0000362 + 000903
0810 %0925 0.0964 +0.323 0.00310  0.0200 5.666-05  0.000572 | 2.55-07 + 4.22¢-07
6.+ 0.534 0.102 +0.209 0.00864 = 0.03: X 0.00147 £ 00105 | 1.80e-06 + 120e-05
0803 £0715 0.158 +0.323 0.0319 = 0.0817 0.0354 500628 000851+ 0.0297 | 0.000155 + 0.00139
22 0.167 + 0.446 0.0183 + 0.0628 0.0157 +0.0459 000411 + 00220 | 4.42¢-05 + 0.000249 05+ 0000155
0.0111 + 00624 154605 + 4.95¢-05 2.946-07 + 8.72¢-07 0226 + 0,360 08 & 4.23¢-08

0269 114607 + 1.91e-07 -

400 0135500321 0.00153 + 0.0108
4.16e-07 % L11e-06
5.20e-08 & 5.20-08

9.07e-07 + 8.126-07
415607 = 111606
5.13¢-08 - 4.95¢-08

0.565
0.00120 = 0.
0.000190 = 0.000440

0511 + 0.267
60606 == 9.306-06 | 1.49¢.07 = 6.42¢.07
2.38¢-07 £ 2.10-06

6.83¢-08 % 1.41-07
1.49¢-07 + 6.426-07
8.60¢-09 & 3.56¢-08

2.01e-07 + 6.41e-07
4.92¢-08 & 5.17¢-08

0.000620 & 0.000420
0.00106  0.00116

1d40x40.010 2.016-07 = 6.41e-
8.616-09 = 3.56¢-08 6.50¢-08 = 1.21e-07

E
ridd0x40.22

ble[T) and report the result here for completeness. We instantiated TTA on MAP using the same replay-
buffer-with- D, -fine-tuning recipe as in CMPE: as test seeds arrive, store (evidence encoding, 6) in a
buffer of size 20, and run 10 inner D, -fine-tuning steps after each query. We aborted the full 37-PGM
TTA-on-MAP run on Phase 3 after a 5-hour stall (12/37 PGMs completed); the partial-evidence
Table 21] below is sufficient to establish the negative finding. TTA on independent MAP queries
provides marginal-to-no benefit, confirming TTA’s value is in repeated-query settings.

B.20 No-LP CMPE Pipeline Pilot

We compare the dual-optimization-warm-start CMPE pipeline (D4) against the LP-supervised pipeline
used in Tables[T8HT9 on six PGMs . The no-LP variant uses only the differentiable D self-supervised
loss; no LP solve in any worker. Acceptance criterion: > 70% win@ 10 on > 4 of 6 PGMs.

The no-LP pipeline meets the acceptance criterion (4/6 with > 70% on M3) and exceeds the
LP-supervised baseline by +21.9 percentage points on raw-neural M2 averaged across the four
non-degenerate PGMs. The two degenerate grid PGMs (where MBE is already at D) fail in both
pipelines. Conclusion: D, self-supervision is sufficient for CMPE warm-start; the LP solver is
needed only as the evaluation reference, not as a training signal.
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Table 19: CMPE bound quality (mean + std): |L(u) — L* ()| at fixed inner JGLP iterations,
K = 2 constraints. M1=zero-init, M2=neural warm-start, M3=neural+replay-buffer TTA. Mean
and std (ddof=0) computed across (seed x p-grad step) trials. Bold = neural tie-or-better than M1
(winning or within max(o s, o1)). Companion to Table (main body) using median + win% format.
Layout under review for migration.

Fe=n =50 ter=100 ter=500

M M2 M3 M M2 M3 M M2 M3 MI M2 il

0658 0,129 0.646 = 0.149 00789 0132 | 0222 £ 00721 0218500664 0.0368 = 0.0543 | 0111500600 010900506 00228+ 00325 | 00225 00404 __ 002155 00202 0.0037 = 0.0100

0488 £ 0163 043600072 00669 =0.113 | 0.179£0240  0.0968+0.0539  0.0188 = 00372 012540255 00363400351 00065100173 | 0.0881£0264 7205 0.000434 538¢:05 - 0.000391

03520083 0313+ 00858 0.0483+0.0960 | 0049200577 0040900363  0.00865-0.0255 | 00172200520  0.00970 £ 00138 000194 0.00946 | 00077200515 3.14e-05 = 0.000451 3.106-05 -+ 0.000451
0190£00828 0161+ 00835 00283100563 | 0.101£00928 00433500489  0.00694 £ 0.0216 | 0073200999  0.0109 100226 000129 £ 000625 |  0.0613£0.104  2.66e-07 + 32407 29307 + 3.20¢:07

4962657 4964657 395559 3602709 360 £ 7.09 286 + 657 0.124 £ 0303 o. 00553 £ 0.176 | 2.44¢:05 £ 731605 24505 £ 73005 131e-05 - 4226-08

1094140 109+ 140 97.4+ 129 695 162 695+ 16.2 637+ 158 0371 £237 0838 £2.32 | 1.960:05 £ 587¢.05  1.97c-05 + S87¢05 18405 £ 5.69¢.05

29:180  129E180  637=120 154 £ 243 154+ 2.43 06825157 | 00604+0.173 300137500761 | 13805 £ 411605 139e-05 = 4.10¢-05 446606 + 18005

059240505 0597 +0508 007740332 | 00465 £ 00850 0045900833 00146+ 0.0482 | 0.00152 = 000303 0.000525 + 0.00162 | 30907 £ 6.77¢-07  380¢-07 + 6.88¢-07  442¢:07 & 6.97¢-07

071250879 0620 +0.75 00976+ 0321 | 0.00472 £ 00115 0.00328 + 0.00860 0.000529 - 000297 | 2.03¢-05 + 7.47-05 5 540606 + 237605 | 157007 + 184007 271607 + 197607 3.53¢-07 + 1.95¢-07

2375206 2054178 047750980 | 023440325 02070280 005290143 | 0.0226+ 00495 0.00368 = 0.0171 | 194c-07 £ 35507 3.10e-07 £ 381607 4.436-07 + 4.21e-07

074540765 072140720 0149 - 0380 | 0.0296 £ 0.0588 0.00365 £ 0.0206 | 0.00325 £ 0.0124 583¢:050.000229 | 000324 200124 5307 £ 84007  6.26¢-07 L 4,69¢.07

1o 2814383 254+353  OSS9L185 | 09174136 0415 - 0.860 0436 £ 0837 02510579 | 0.0668 £ 0.171 0.0403 - 0.143 0.0259 0100
erdi0X10£5 | 04340397  0.182£0213 00376 + 0.118 27205 + 7.54¢:05 0.406 £ 0.420 505007 + 1.38¢:06 0406 +0.420  5.45e-08 £ 3.116-08  7.67c-08 + 4.40c-08
rid20x20f5 | 1295180 129180 625119 06645156 | 006040173 0.06040.073 00131+ 0.0745 | 138¢:05 £ 4.11e-05  139e-05 £ 410¢-05  445¢-06 £ 176e-05

Table 20: [v1 metric] MAP on 37 benchmark PGMs: log;, | D — D at fixed JGLP iterations (bin
0, 10 seeds). D™F = exact LP optimum via CVXPY/CLARABEL. J = zero-init JGLP, N = neural-init
JGLP. Lower = closer to LP. Last column: % of seeds where neural log-error is smaller than zero at
iter=10. Top 15 PGMs by win@ 10 shown; appendix Table[T¢]lists the v2 metric for all 37.

iter=0 iter=10 iter=50 iter=100 conv

PGM DYP J N J N J N J N J N win@10
BN_I2 —31.64 | -0.02 -0.17 | 022 -048 | -0.74 -1.05 | -1.65 2.04 | -679 -6.77 100%
BN_13 —44.93 | -0.04 -0.19 | -029 -0.60 | -0.97 -1.15 -1.34 -1.55 <717 -6.98 100%
BN_14 —38.83 | -0.34 -039 | -066 -0.83 -1.23 -1.33 -422 452 | -649 -6.42 100%
Seg_12 —114.24 0.21 -0.05 -0.01 -1.01 -4.13 -494 | -7.10  -6.69 | -7.10  -6.69 100%
Seg_14 —136.64 0.18 -042 | -0.73 -2.00 | -634 462 | -634 -6.13 -6.34  -6.19 100%
Seg_16 —132.72 0.58 0.13 0.29 -049 | -0.67 -3.88 | -6.07 -5.71 -6.23 -6.10 100%
PF_11 4145 1.90 1.70 1.34 1.29 0.85 0.84 0.55 0.51 -040  -0.40 100%
Grids_19 2327 1.02 1.01 0.23 0.13 -1.87 -1.86 | -6.19 434 | -6.41 -6.23 100%
Grids_25 2332 1.15 1.10 0.70 0.53 -026  -046 | -0.99 -1.17 -490  -491 100%
Grids_30 2767 1.71 1.50 1.17 1.11 0.66 0.62 0.42 0.38 -0.41 -0.40 100%
grid20x20.f10 2767 1.71 1.51 1.17 1.11 0.66 0.62 0.42 0.38 -0.41 -0.40 100%
grid20x 20.f5 1322 0.89 0.87 0.07 0.03 -1.05 -1.05 -8.79  -6.00 | -924 -6.82 90%
Seg_18 —111.99 | -024 -0.06 | -0.66  -0.87 -3.35 -3.79 | -6.02  -6.15 -6.02  -6.15 80%
BN_9 —39.98 | -0.59 -0.60 | -097  -1.53 -2.71 -5.77 | -6.68 -6.94 | -6.68  -6.98 70%
Seg_19 —93.60 | -0.41 -024 | 342 -1.16 | -5.56  -3.97 | -5.71 -5.62 | -625  -6.60 33%
Degenerate (MBE tight at LP; neural provides no benefit):

-8.88 -044 | -934 -333 | 934 -7.06 | 934 -7.36 0%

grid10x 10 335.89
grid40x40.12 ‘ 1478

-8.78 -083 | -878 -3.04 | -878 -735 | -878 -7.35 ‘ -8.78  -71.35 ‘ 0%

B.21 LP-Supervised CMPE Pipeline (Alternative)

The plan migrates the central narrative to the no-LP pipeline above (Tables [T8HI9] use it). The
LP-supervised variant uses a hybrid loss £ = ¢ - MSE(m, m'") + (1 — ¢) D, with ¢ = 1.0 (pure
MSE against the LP-optimal edge message), and remains a viable alternative when an LP solver
is already available in the user’s pipeline. Empirically, it produces slightly tighter raw NN bounds
at iter=0 on degenerate PGMs but is matched or exceeded by the no-LP variant on non-degenerate
PGMs (Table[22).

Settings split in Table[19](K=2). All K=1 results in Table[I8]use the full setting of 100 p-grad steps
x 10 test seeds. For K=2, only BN_12 uses the full 100x 10 setting (preserved from a long-running
eval that completed before the fallback); the remaining 13 PGMs use 50 p-grad steps x 5 seeds. The
reduction was forced by per-PGM eval cost: at full settings, K=2 grids and segs (and a retry on the
BN family) ran 2.5+ hours per PGM with no first-seed completion, hitting the kill threshold. The
reduced setting still computes 250 (seed, u-step) trials per PGM (vs. 1000 at full), which is sufficient
for the win-rate confidence intervals reported.
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Table 21: TTA on MAP across 12 PGMs (Phase 3 partial; the run was aborted after stalling on
Promedas/ProteinFolding). win N = neural-init tie-or-better than zero-init; win A = neural-init +
replay-buffer adaptation tie-or-better than zero-init. Pattern is consistent across BN and grid families:
TTA on independent MAP queries provides marginal-to-no benefit, frequently slightly worse than
plain N at later iters; the replay buffer accumulates messages from prior evidence configurations that
do not transfer cleanly. This confirms TTA’s value lies in repeated-query settings (u-trajectory in
CMPE Tables [T8HT9] Sectiond.2), not on independent MAP queries.

PGM iter=10 iter=50 iter=100 iter=500
winN  winA winN winA winN winA winN winA
BN_126 89 52 56 56 78 44 78 56
BN_12 100 100 90 97 100 93 100 100
BN_13 100 100 100 100 60 73 80 77
BN_14 100 100 80 80 80 77 90 90
BN_9 70 67 70 60 100 100 100 100
grid10x10.£5 40 30 40 40 70 63 70 70
grid20x20.f10 100 100 80 83 70 77 60 63
grid20x20.£5 90 77 50 43 20 20 30 17
grid40x40.£10 0 0 80 47 100 93 100 100
grid40x40.f2 0 0 60 23 100 93 100 100
grid80x80.£10 10 10 20 10 60 33 80 60
grid80x 80.f5 0 3 0 0 0 0 0 0

Table 22: No-LP vs LP-supervised CMPE pipeline at iter=10 (K=1, 5 test seeds x 50 p-grad steps).
A columns are no-LP minus LP-supervised in percentage points.

PGM no-LPM2 no-LPM3 mainM2 mainM3 AM2 AM3 note
BN_9 97.6 95.2 75.2 92.8 +224 424

BN_14 100 100 100 99.2 +0 +0.8
Segmentation_18 78.7 92.4 52.6 89.6 +26.1 +2.8
Segmentation_19 46.4 80.0 7.2 72.0 +39.2 +8.0

grid10x 10 10.0 10.0 10.0 10.0 +0 +0 degenerate
grid40x40.f10 0.0 0.0 0.0 0.0 +0 +0 degenerate
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and Section 1 (Contributions) state the four claims — deterministic
validity by construction, self-supervised training without LP labels, multi-constraint CMPE
extension, and empirical gains on UAI benchmarks — all of which are supported by Section
4 and the appendix.

Guidelines:

e The answer [N/A ] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Limitations are discussed inline: degenerate i-bound cases where MBE already
attains the LP optimum (Sec. 4.1, Sec. 9.15), per-graph training requirement (Sec. 6), out-
of-distribution p values for CMPE (Sec. 4.2), ordinal bias of scalar evidence encoding
(Sec. 9.17), and tightness only when the join-graph LP relaxation is itself tight (Sec. 3, end).

Guidelines:

» The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The single theoretical claim (Proposition [/} D, > D > MAPY) is stated
in Sec. 3 with a one-line proof from convexity of LSE; the antisymmetric construction
guaranteeing validity is given in Egs. (4)—(6).

Guidelines:

» The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Architecture (3-layer MLP, 512/512/256), optimizer (AdamW, cosine schedule,
Ir =1073, 200 epochs, batch 64), 7 schedule, evidence sampling, training data construc-
tion, replay-buffer settings, and JGLP iteration budgets are fully specified in Sec. 4 and
Sec. 9.8-9.16.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Anonymized code is provided in supplementary material; UAI 2022 benchmark
PGMs are publicly available from the UAI competition website; CVXPY/CLARABEL is
open-source.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Sec. 4 specifies i-bound 4, 10 seeds per (PGM, evidence-bin), evidence ratios,
p-grid, o for CMPE; Sec. 9.8-9.10 give CMPE-specific settings; Sec. 9.16 reports an
11-variant ablation suite.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All headline tables report mean + population standard deviation over 10 bin-0
test seeds per PGM (MAP) or 10 seeds x 100 p-grad steps (CMPE); Sec. 9.18 reports
seed-subset stability (+4pp).
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Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

 The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Wall-clock timings reported in Tables and neural forward pass ~ 0.04 ms;
JGLP iteration costs 1.6-131 ms depending on PGM. Hardware: single NVIDIA GPU;
CVXPY/CLARABEL on CPU.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The work conforms with the NeurIPS Code of Ethics; it uses only public
benchmark PGMs and involves no human subjects, scraped data, or deployed systems.

Guidelines:
e The answer [N/A| means that the authors have not reviewed the NeurIPS Code of
Ethics.
e If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

28


https://neurips.cc/public/EthicsGuidelines

802
803

804

805
806
807

808

809

810
811

812
813
814
815

816
817
818
819
820
821
822

823
824
825
826
827
828
829
830

831

832
833
834

835

836
837

838

839

840
841
842
843
844
845

846
847
848

849

850
851
852

853

11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: This is foundational work on dual-bound computation for graphical-model
inference. There is no direct path to deployment in a setting with foreseeable positive or
negative societal impact distinct from PGM inference research generally.

Guidelines:

» The answer [N/A] means that there is no societal impact of the work performed.

e If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The released artifact is a per-PGM neural warm-start network for dual bounds;
it has no generative or dual-use risk.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
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13.

14.

15.

Justification: UAI 2022 benchmark PGMs are cited and used under the competition’s public-
release terms; CVXPY (Apache 2.0) and CLARABEL (Apache 2.0) are cited; PyTorch
(BSD-3) is the training framework.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: Trained network checkpoints, training scripts, and evaluation harness are
released in the supplementary material with a README and license.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: No human subjects or crowdsourcing.
Guidelines:
* The answer [N/A]| means that the paper does not involve crowdsourcing nor research

with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects
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16.

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: No human subjects research.
Guidelines:
* The answer [N/A]| means that the paper does not involve crowdsourcing nor research

with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLMs were used only for writing, editing, and formatting; they do not form a
component of the core methodology.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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