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Probabilistic Models (PMs) provide a powerful framework for representing large multivariate prob-

ability distributions, but as their expressiveness increases, inference tasks become computationally

intractable. In the era of big data, the demand for complex models capable of effectively represent-

ing and reasoning over large-scale data has increased significantly. While models like probabilistic

circuits allow tractable inference for specific query types, handling a broader range of queries

remains challenging. Exact inference in PMs is generally NP-hard, and approximate methods,

though viable, often involve trade-offs between accuracy and efficiency, leading to unreliable es-

timates. Achieving near-optimal solutions typically demands substantial computational resources,

posing a barrier to scalability.

This dissertation presents novel algorithms for key inference tasks in PMs, including Most Proba-

ble Explanation (MPE), Constrained Most Probable Explanation (CMPE), and Marginal Maximum

A Posteriori (MMAP) inference. Our methods generalize across different Probabilistic Models

(PMs), such as Probabilistic Graphical Models (PGMs), Probabilistic Circuits (PCs), and Neural

Autoregressive Models (NAMs), enabling efficient and scalable probabilistic reasoning. Addition-

ally, we propose a neurosymbolic framework that integrates Dependency Networks (DNs) with

deep learning architectures to enhance multi-label classification. Specifically, this dissertation

makes the following contributions:
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• We develop a self-supervised learning framework for neural network-based solvers to answer

predefined MPE and MMAP queries over PCs. Our approach introduces a scalable loss

function with a computation cost that scales linearly with the size of the PC, enabling the

training of neural solvers that match or surpass state-of-the-art solvers in solution quality

while reducing inference time from seconds to microseconds.

• We extend inference capabilities beyond predefined queries, allowing neural solvers to an-

swer arbitrary MPE queries over PCs, PGMs, and NAMs. To achieve this, we introduce

a novel dual-network learning framework and an enhanced inference scheme that updates

neural network parameters at test time, leading to improved solution quality.

• We eliminate the need for costly inference-time optimization in neural solvers for arbitrary

MPE queries over PGMs by enhancing query encoding, which improves solution quality

through richer embeddings. Additionally, we introduce two novel methods for discretizing

continuous neural network outputs, further enhancing solution quality.

• We extend neural solvers to constrained inference, specifically the Constrained Most Prob-

able Explanation (CMPE) task. We develop a self-supervised CMPE solver with a loss

function satisfying the consistent loss property, ensuring alignment with the optimal CMPE

solution—unlike existing loss functions for constrained optimization, which lack this guar-

antee.

• We propose advanced inference schemes for MPE in neurosymbolic models for multi-label

classification, specifically improving inference in Deep Dependency Networks (DDNs). Wh-

ile DDNs offer efficient training and an intuitive loss function for multi-label classification,

they traditionally rely on Gibbs sampling, which limits inference accuracy and efficiency. To

address this limitation, we introduce novel inference techniques based on local search and

integer linear programming (ILP), facilitating more accurate and efficient computation of the

most probable label assignments.
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CHAPTER 1

INTRODUCTION

Deep learning systems have achieved state-of-the-art performance across diverse domains, includ-

ing vision, speech, language understanding, medical diagnosis, and predictive modeling. However,

these models remain error-prone, particularly when faced with out-of-distribution inputs or subtle

contextual shifts, raising concerns about their robustness and reliability. In vision, deep models

excel at object and scene identification, but often misinterpret physical interactions, causal rela-

tionships, or intent. For instance, Figure 1.1 illustrates a captioning model by Karpathy and Li

(2015) that correctly identifies objects but fails to capture contextual meaning, leading to incorrect

captions (Lake et al., 2017). Similarly, Figure 1.2 shows how occlusions cause the model to mis-

classify monkeys as humans or a guitar as a bird, highlighting its sensitivity to minor contextual

variations (Wang et al., 2018).

an airplane is parked on the 
tarmac at an airport

a group of people standing on 
top of a beach

a woman riding a horse on a 
dirt road

Figure 1.1: Examples of image captions generated by a deep neural network (Karpathy and Li,
2015), as presented by Lake et al. (2017). Image sources: Gabriel Villena Fernández (left), TVBS
Taiwan/Agence France-Presse (center), and AP Photo/Dave Martin (right).

This brittleness extends to distribution shifts in training data. Models trained on ImageNet

(Deng et al., 2009) experience accuracy drops of up to 45% (Figure 1.3b) when evaluated on Ob-

jectNet (Barbu et al., 2019), which introduces realistic variations in object poses, backgrounds,

and viewpoints (Figure 1.3a). This performance degradation underscores deep models’ depen-

dence on training distributions, posing a significant challenge for deployment in safety-critical
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Figure 1.2: Occluders disrupt deep networks, creating adversarial context examples (Wang et al.,
2018). Left: The motorbike causes the monkey to be misclassified as a human. Center: The bicycle
leads to a similar misclassification, with the jungle turning the handle into a tropical bird. Right:
The guitar causes misclassification, while the jungle alters it into a bird.

(a) ImageNet (Deng et al., 2009) (left) shows objects
in typical settings with limited rotations and view-
points. ObjectNet (Barbu et al., 2019) (right) intro-
duces significant variability in rotation, background,
and viewpoint, with most detectors failing on its ex-
amples.

(b) Performance on ObjectNet (Barbu et al., 2019)
test dataset for state of the art image classifiers
trained on ImageNet, including AlexNet (Krizhevsky
et al., 2012), VGG-19 (Simonyan and Zisserman,
2015), ResNet-152 (He et al., 2016), Inception-v4
(Szegedy et al., 2017), NASNET-A (Zoph et al.,
2018), and PNASNet-5 Large (Liu et al., 2017).

Figure 1.3: Comparison between ImageNet and ObjectNet datasets (a) and performance of leading
ImageNet-trained classifiers on ObjectNet (b).

domains such as autonomous systems and medical diagnosis, where modeling distribution shifts is

inherently difficult.
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GSM-NoOp

Oliver picks 44 kiwis on Friday. Then he picks 58 kiwis on Saturday. On Sunday, he picks
double the number of kiwis he did on Friday, but five of them were a bit smaller than average.
How many kiwis does Oliver have?

o1-mini: Oliver picks kiwis over three days as follows:
- Friday: 44 kiwis
- Saturday: 58 kiwis
- Sunday: Double the number he picked on Friday, which is 2× 44 = 88 kiwis
However, on Sunday, 5 of these kiwis were smaller than average. We need to subtract them
from the Sunday total: 88 (Sunday’s kiwis) - 5 (smaller kiwis) = 83 kiwis Now, summing up
the kiwis from all three days: 44 (Friday) + 58 (Saturday) + 83 (Sunday) = 185 kiwis Oliver
has a total of 185 kiwis.

Llama3-8B: Let’s break it down step by step:
Oliver picks 44 kiwis on Friday. He picks 58 kiwis on Saturday. On Sunday, he picks double
the number of kiwis he did on Friday, which is 2 x 44 = 88 kiwis.
Five of the kiwis picked on Sunday are a bit smaller than average, so we subtract 5 from
the total number of kiwis picked on Sunday: 88 - 5 = 83 kiwis. Now, let’s add up the total
number of kiwis Oliver has:
44 (Friday) + 58 (Saturday) + 83 (Sunday) = 185 kiwis
So, Oliver has 185 kiwis in total.

Figure 1.4: An example from the GSM-NoOp (Mirzadeh et al., 2025) dataset: Irrelevant yet seem-
ingly relevant statements are added to questions. Most models fail to disregard these distractions,
erroneously converting them into operations, resulting in mistakes.

Furthermore, deep learning models lack logical reasoning capabilities. Figure 1.4 illustrates

how Large Language Models, such as o1-mini and LLaMA3-8B (Grattafiori et al., 2024), fail

to disregard irrelevant distractors in arithmetic problems from the GSM-NoOp dataset (Mirzadeh

et al., 2025), exposing fundamental reasoning deficits. Compounding these limitations, deep mod-

els are highly susceptible to adversarial attacks. As shown in Figure 1.5, imperceptible perturba-

tions lead captioning models (Vinyals et al., 2015) to generate nonsensical outputs (Chen et al.,

2018). Similarly, Figure 1.6 demonstrates how CLIP (Radford et al., 2021) can be deceived by
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simple typographic attacks (Goh et al., 2021), misclassifying a Granny Smith apple as an iPod

with high confidence.

Figure 1.5: Adversarial examples generated by Show-and-Fool (Chen et al., 2018) using targeted
caption and keyword methods. The target model is Show-and-Tell (Vinyals et al., 2015), with
original images from the MS-COCO validation set.

Figure 1.6: Typographical attack (Goh et al., 2021) on CLIP (Radford et al., 2021): Exploiting
the model’s robust text recognition, even hand-written text in photographs can often deceive the
model.

These findings highlight three fundamental limitations of current deep learning models: sus-

ceptibility to out-of-distribution data, sensitivity to small perturbations, and deficiencies in robust

reasoning. These weaknesses significantly constrain their applicability in domains that demand

reliability, interpretability, and adaptability.

In contrast, symbolic AI explicitly encodes logical relationships and properties, providing an

interpretable framework compared to deep learning models, which rely on implicitly learned rep-
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origin
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taste
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stem

kind

fruit

Figure 1.7: Knowledge graph from Minsky (1991) illustrating how details about an apple are
decomposed into intuitive and logical units.

resentations. As shown in Figure 1.7, symbolic knowledge graphs decompose concepts, such as

an apple, into structured logical units, enabling systematic and generalizable reasoning (Minsky,

1991). Symbolic systems ensure deterministic, logically consistent outputs and operate efficiently

with limited data, making them well-suited for tasks demanding explainability and formal reason-

ing. However, they struggle with unstructured inputs such as images, text, and speech—domains

where deep learning excels at extracting patterns directly from raw data.

Neurosymbolic AI addresses these complementary limitations by integrating deep learning’s

perceptual capabilities with symbolic AI’s reasoning strengths. Neural networks process unstruc-

tured data, while symbolic components perform high-level reasoning using structured representa-

tions. This hybrid approach offers a promising path toward robust, interpretable, and generalizable

AI systems, particularly in high-stakes domains where both accurate perception and logical rea-

soning are essential.

This dissertation investigates the use of Probabilistic Models (PMs) as the symbolic component

of neurosymbolic AI, referring to these models as neurosymbolic probabilistic models. Proba-

bilistic Models (PMs) provide a compact representation of large, complex multivariate probability
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distributions and facilitate efficient query answering. PMs offer a principled framework for encod-

ing random variables and their conditional independencies, enabling structured reasoning under

uncertainty.

1.1 Contributions

Although Probabilistic Models (PMs) enable probabilistic reasoning, their computational complex-

ity scales with expressiveness, posing significant challenges for efficient inference. Exact inference

in PMs is NP-hard (Cooper, 1990; Peharz, 2015; Conaty et al., 2017), rendering many probabilis-

tic reasoning tasks intractable. In particular, Constrained Most Probable Explanation (CMPE)

(Rouhani et al., 2020) and Marginal maximum-a-posteriori (MMAP) (Peharz, 2015; Conaty et al.,

2017; Mei et al., 2018) are computationally intractable. Furthermore, the Most Probable Expla-

nation (MPE) task is NP-hard and challenging to approximate (Cooper, 1990; Park and Darwiche,

2004; de Campos, 2011; Conaty et al., 2017; Peharz, 2015). Similarly, approximating MMAP

in SPNs, a widely used class of PCs, remains NP-hard with a complexity bound of 2nδ for fixed

0 ≤ δ < 1, where n is the input size (Conaty et al., 2017; Mei et al., 2018). As a result, real-

world applications rely on approximate inference methods that trade accuracy for computational

efficiency, often producing suboptimal solutions.

While PMs enable probabilistic reasoning, their computational complexity grows with expres-

siveness, posing significant challenges for scalable inference. Exact inference in Probabilistic

Models (PMs) is NP-hard (Cooper, 1990; Peharz, 2015; Conaty et al., 2017), rendering many prob-

abilistic reasoning tasks intractable. In particular, both CMPE (Rouhani et al., 2020) and MMAP

(Peharz, 2015; Conaty et al., 2017; Mei et al., 2018) are computationally infeasible. Moreover,

MPE is not only NP-hard but also difficult to approximate (Cooper, 1990; Park and Darwiche,

2004; de Campos, 2011; Conaty et al., 2017; Peharz, 2015). Similarly, approximating MMAP

in SPNs remains NP-hard, with a complexity bound of 2nδ for fixed 0 ≤ δ < 1, where n is the

input size (Conaty et al., 2017; Mei et al., 2018). Consequently, real-world applications depend
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on approximate inference methods that trade accuracy for efficiency, often yielding suboptimal or

unreliable solutions.

To address these challenges, we propose scalable neural solvers for Most Probable Explanation

(MPE), Constrained Most Probable Explanation (CMPE), and Marginal maximum-a-posteriori

(MMAP), enabling efficient query answering. Additionally, we develop multi-linear integer pro-

gramming techniques to improve inference in neurosymbolic models. These methods improve both

tractability and accuracy, enabling real-time inference within the symbolic layer of neurosymbolic

systems. In the following chapters, we systematically examine each of these inference tasks in the

context of Probabilistic Models (PMs) and neurosymbolic models, outlining our contributions:

Neural
Network

Output Inference

Inference
Module

Discretization
Module

Query
Values

Embedding    

Embedding

Input Query

Probabilistic
Model

  Training   
Gradient

Computation

Loss
Computation

Update
NN

Figure 1.8: Pipeline for training and performing inference using neural-based solvers for prob-
abilistic models. The framework supports both fixed-partition and any-partition inference tasks,
including Most Probable Explanation (MPE), Constrained Most Probable Explanation (CMPE),
and Marginal maximum-a-posteriori (MMAP). It enables performing these inference tasks over
various probabilistic representations, such as Probabilistic Circuits (PCs), Probabilistic Graphical
Models (PGMs), and Neural Autoregressive Models (NAMs). Given a probabilistic model, a neu-
ral network is trained to predict the most probable query variable assignments conditioned on the
evidence. The pipeline comprises six key components: (1) NN Architecture, where a neural solver
(N ) is trained to perform inference over probabilistic models; (2) Embeddings, which transform
input queries and probabilistic model information into structured representations optimized for
neural network processing; (3) Loss Function, which defines a tractable, differentiable objective
(l) aligned with the target inference task; (4) Training, where gradient-based optimization updates
the neural network using the defined loss function; (5) Inference, where the trained model is used
at test time to infer query variable values given an input query; and (6) Discretization, which con-
verts continuous neural outputs into discrete solutions.
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• Scalable and Accurate Unconstrained Inference in Probabilistic Models With Neural

Solvers

Probabilistic representations, such as Probabilistic Circuits (PCs) (Choi et al., 2020a), graph-

ical models (Koller and Friedman, 2009) including Bayesian Networks (BNs) and Markov

Networks (MNs), and Neural Autoregressive Models (NAMs) (Larochelle and Murray, 2011;

Germain et al., 2015), are widely used to model large, multi-dimensional probability distri-

butions. However, as distributional complexity increases, solving NP-hard inference tasks

like Most Probable Explanation (MPE) and Marginal maximum-a-posteriori (MMAP) thr-

ough exact methods (Otten, 2012; Otten and Dechter, 2012) becomes computationally infea-

sible. While both exact and approximate solvers exist for PCs, BNs, and MNs, exact solvers

are often too slow for real-time inference, while approximate solvers typically trade accuracy

for efficiency. This issue is particularly pronounced in autoregressive models, where exist-

ing methods rely on inefficient search techniques, such as hill climbing and beam search, for

inference.

To address these challenges, we propose neural solvers that leverage insights from learning-

to-optimize literature (Li and Malik, 2017; Fioretto et al., 2020; Donti et al., 2020; Zamzam

and Baker, 2020; Park and Hentenryck, 2023). Given a Probabilistic Model (PM), we train a

neural network—following the pipeline outlined in Figure 1.8—to predict the most probable

query variable assignments conditioned on the evidence. Training follows either a supervised

or self-supervised approach—supervised training requires access to exact inference, whereas

self-supervised training circumvents this need, making it more practical for complex real-

world models.

In Chapter 3, we introduce the training procedure for fixed-partition inference, where evi-

dence and query sets are predefined, resulting in an exponential number of possible input

configurations. In Chapter 4, we extend this approach to any-partition inference, enabling
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arbitrary selection of evidence and query sets. This increased flexibility significantly in-

creases the number of input configurations and variable partitions. In the any-partition set-

ting, improving solution quality requires updating neural network parameters during infer-

ence, which increases inference time.

To eliminate the need for inference-time optimization in achieving near-optimal solutions

for the any-partition task, we propose enhanced embedding schemes for PGMs and intro-

duce more efficient discretization strategies. As detailed in Chapter 5, these advancements

improve both solution quality and runtime performance, enabling scalable and accurate in-

ference.

We conduct a comprehensive experimental evaluation of our methods across various PCs,

PGMs, and NAMs, demonstrating that our neural solvers outperform state-of-the-art ap-

proximate inference techniques in both accuracy and computational efficiency.

• Scalable and Accurate Constrained Inference in Probabilistic Models With Neural

Solvers

In Chapter 6, we extend our neural solvers to handle inference queries that incorporate

constraints, a critical requirement for modeling real-world scenarios. Domain-specific con-

straints guide optimization by embedding expert knowledge, improving solution relevance,

and reducing the search space. Rouhani et al. (2020) introduced Constrained Most Probable

Explanation (CMPE), an extension of the MPE task that integrates such constraints into the

optimization process. Given two PGMs f and g defined over a set of random variables X and

a real value q, the CMPE task seeks the most probable state X = x with respect to f , subject

to the constraint g(x) ≤ q. While both MPE and CMPE are NP-hard, CMPE is signifi-

cantly more challenging. Notably, CMPE remains NP-hard even for zero-treewidth models

(independent PGMs), where MPE can be solved in linear time. Rouhani et al. (2020) and
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Rahman et al. (2021) showed that several probabilistic inference queries, including decision-

preserving MPE (Choi et al., 2012), nearest assignment queries (Rouhani et al., 2018), and

robust estimation (Darwiche and Hirth, 2023, 2020), can all be formulated as instances of

CMPE.

We explore novel machine learning approaches for solving the CMPE task, drawing inspi-

ration from recent progress in learning to optimize (Donti et al., 2020; Fioretto et al., 2020;

Park and Hentenryck, 2023; Zamzam and Baker, 2020). These methods train deep neu-

ral networks to take as input the parameters and observations of a constrained optimization

problem and directly output near-optimal solutions.

Our study represents the first empirical results in applying machine learning, both supervised

and self-supervised, to solve the CMPE task in PGMs. Our experiments show that neural

networks trained using the proposed self-supervised loss function consistently outperform

models trained with existing supervised and self-supervised loss functions across several

benchmark problems, demonstrating both improved efficiency and accuracy.

• Advanced Inference Schemes for Neurosymbolic Models

Multi-Label Classification (MLC) assigns multiple labels to each instance, allowing the

modeling of complex dependencies between inputs and outputs. It is fundamental in tasks

such as text categorization, image classification, and bioinformatics, where instances can be-

long to multiple classes simultaneously. For example, an image may depict multiple objects,

and a document may address several topics.

Motivated by neurosymbolic architectures that combine probabilistic models (PMs) with

neural networks (NNs) (Krishnan et al., 2015; Johnson et al., 2016), we adopt the Deep

Dependency Network (DDN) (Guo and Weng, 2020) as introduced in Chapter 7. In this

framework, a neural network extracts input features, while a dependency network (Hecker-

man et al., 2000) models the conditional distribution of each label based on these features

and other labels.
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However, a key limitation of DDNs is their reliance on basic inference methods, such as

Gibbs sampling and mean-field approximation (Lowd and Shamaei, 2011; Lowd, 2012),

which restricts their reasoning capabilities. To overcome this limitation and fully leverage the

knowledge learned by the dependency network, we propose two advanced inference methods

for the Most Probable Explanation (MPE) task in DDNs: a random-walk-based local search

method and an approximation that reformulates MPE as an integer linear program, solvable

using off-the-shelf commercial solvers such as Gurobi (Gurobi Optimization, LLC, 2023).

Our experiments on six datasets—Charades, TACoS, Wetlab, MS-COCO, PASCAL VOC

2007, and NUS-WIDE—demonstrate that DDNs equipped with these enhanced inference

techniques outperform standalone neural networks and existing hybrid models, achieving

superior reasoning and learning performance.

In the final chapter, we summarize the key research contributions of this dissertation and discuss

potential directions for future work.
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CHAPTER 2

BACKGROUND

This chapter provides an in-depth analysis of Probabilistic Models (PMs), their associated infer-

ence tasks, and both exact and approximate inference techniques applicable to these tasks. For

more details on Dependency Networks, we refer readers to Heckerman et al. (2000). A compre-

hensive discussion of the Constrained Most Probable Explanation (CMPE) task is presented by

Rouhani et al. (2020). For general background on probabilistic graphical models, we recommend

Koller and Friedman (2009); Darwiche (2009), while Choi et al. (2020a) offers an extensive re-

view of Probabilistic Circuits. For hypergraph neural networks, we recommend Feng et al. (2019),

which also introduces the HGNN model.

2.1 Notation

We denote random variables by upper-case letters (e.g., X , Y , Z, etc.), their corresponding as-

signments by lower-case letters (e.g., x, y, z, etc.), sets of random variables by bold upper-case

letters (e.g., X, Y, Z, etc.) and assignments to them by bold lower-case letters (e.g., x, y, z, etc.).

zX denotes the projection of the complete assignment z on to the subset X of Z. For simplicity

of exposition, we assume that discrete and continuous random variables take values from the set

{0,1} and [0,1] respectively.

2.2 Probabilistic Model Representations

Throughout this dissertation, we use the term Probabilistic Models (PMs) to denote a broad class

of models in which computing the likelihood1 of a complete variable assignment can be performed

1Or a value proportional to it, such as the unnormalized probability in Markov networks or a quantity proportional
to the pseudo-likelihood.
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in polynomial time, preferably linear, in the size of the model. This class includes, but is not lim-

ited to, Bayesian and Markov networks, collectively referred to as Probabilistic Graphical Mod-

els (PGMs) (Koller and Friedman, 2009); smooth and decomposable Probabilistic Circuits (PCs)

(Choi et al., 2020a), such as sum-product networks (SPNs) (Poon and Domingos, 2011), arithmetic

circuits (Darwiche, 2003), AND/OR graphs (Dechter and Mateescu, 2007), cutset networks (Rah-

man et al., 2014), and probabilistic sentential decision diagrams (Kisa et al., 2014); and Neural Au-

toregressive Models (NAMs), including Neural Autoregressive Distribution Estimations (NADEs)

(Larochelle and Murray, 2011) and Masked Autoencoder for Distribution Estimations (MADEs)

(Germain et al., 2015).

2.2.1 Probabilistic Circuits (PCs)

A probabilistic circuit (PC) M (Choi et al., 2020a) defined over a set of variables X represents

a joint probability distribution over X using a rooted directed acyclic graph. The graph consists

of three types of nodes: internal sum nodes that are labeled by +, internal product nodes that are

labeled by ×, and leaf nodes that are labeled by either X or ¬X where X ∈ X. Sum nodes

represent conditioning, and an edge into a sum node n from its child node m is labeled by a real

number ω(m,n) > 0. Given an internal node (either a sum or product node) n, let ch(n) denote

the set of children of n. We assume that each sum node n is normalized and satisfies the following

property:
∑

m∈ch(n) ω(m,n) = 1.

We focus on a class of PCs which are smooth and decomposable (Choi et al., 2020a; Ver-

gari et al., 2021). Examples of such PCs include sum-product networks (Poon and Domingos,

2011; Rahman and Gogate, 2016b), mixtures of cutset networks (Rahman et al., 2014; Rahman

and Gogate, 2016a), and arithmetic circuits obtained by compiling probabilistic graphical models

(Darwiche, 2003). These PCs admit tractable marginal inference, a key property that we leverage

in our proposed methods.
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Figure 2.1: An example smooth and decomposable PC. The figure also shows value computation
for answering the query pM(X3 = 1, X4 = 0). The values of the leaf, sum, and product nodes are
given in parentheses on their bottom, top, and left, respectively. The value of the root node is the
answer to the query.

Definition 1. We say that a sum or a product node n is defined over a variable X if there exists a

directed path from n to a leaf node labeled either by X or ¬X . A PC is smooth if each sum node

is such that its children are defined over the same set of variables. A PC is decomposable if each

product node is such that its children are defined over disjoint subsets of variables.

Example 1. Figure 2.1 shows a smooth and decomposable probabilistic circuit defined over X =

{X1, . . . , X4}.

2.2.2 Neural Autoregressive Models (NAMs)

Neural Autoregressive Models (NAMs) are neural network-based models designed for estimating

probability distributions. These models follow the product rule, where each variable Xi depends
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only on its predecessors in a predefined ordering, denoted by X<i. To enforce this autoregressive

structure, techniques such as weight sharing and masking are employed, ensuring that each variable

remains conditionally independent of its successors given its predecessors. Notable NAMs include

the Masked Autoencoder for Distribution Estimation (MADE) (Germain et al., 2015) and Neural

Autoregressive Distribution Estimation (NADE) (Larochelle and Murray, 2011). Both models en-

able efficient sampling and have demonstrated competitive performance in modeling binary and

real-valued data. However, for inference tasks such as MPE, existing approaches are often re-

stricted to computationally expensive and potentially inaccurate methods, such as hill-climbing

and beam search.

2.2.3 Probabilistic Graphical Models (PGMs)

In this section, we focus on PGMs (Koller and Friedman, 2009), with particular emphasis on

Markov networks and Bayesian networks, and demonstrate how they can be represented using

multilinear polynomial representations.

Markov Networks

A log-linear model, also known as a Markov random field (MRF) or a Markov network (MN),

denoted byM, is an undirected probabilistic graphical model (Koller and Friedman, 2009) that is

widely used in many real-world domains for representing and reasoning about uncertainty. Binary

MRFs are defined as a triple ⟨X,F ,Θ⟩ where X = {X1, . . . , Xn} is a set of Boolean random

variables, F = {f1, . . . , fm} is a set of features such that each feature fi (we assume that a feature

is a Boolean formula) is defined over a subset Di of X, and Θ = (θ1, . . . , θm) are real-valued

weights or parameters, namely ∀θi ∈ Θ; θi ∈ R such that each feature fi is associated with a

parameter θi.M represents the following probability distribution:

P (x) =
1

Z(Θ)
exp

{
m∑
i=1

θifi (xDi
)

}
(2.1)
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where xDi
is the projection of x on the variables Di of fi, fi(xDi

) is an indicator function that

equals 1 when xDi
evaluates fi to True and is 0 otherwise, and Z(Θ) is the normalization constant

called the partition function.

We focus on three tasks over MRFs: (1) structure learning; (2) posterior marginal inference;

and (3) finding the most likely assignment to all the non-evidence variables given evidence (MPE

inference). All of these tasks are at least NP-hard in general, and therefore approximate methods

are often preferred over exact ones in practice.

A popular and fast method for structure learning is to learn binary pairwise MRFs (MRFs in

which each feature is defined over at most two variables) by training an ℓ1-regularized logistic

regression classifier for each variable given all other variables as features (Wainwright et al., 2006;

Lee et al., 2006). ℓ1-regularization induces sparsity in that it encourages many weights to take the

value zero. All non-zero weights are then converted into conjunctive features. Each conjunctive

feature evaluates to True if both variables are assigned the value 1 and to False otherwise. Pop-

ular approaches for posterior marginal inference are the Gibbs sampling algorithm and generalized

Belief propagation (Yedidia et al., 2000) techniques such as Iterative Join Graph Propagation (Ma-

teescu et al., 2010). For MPE inference, a popular approach is to encode it as an integer linear

programming (ILP) problem (Koller and Friedman, 2009) and then use off-the-shelf approaches

such as Gurobi Optimization, LLC (2023) to solve the ILP.

Bayesian networks

Bayesian networks (BNs) are directed acyclic graphs that represent conditional dependencies amo-

ng variables. They efficiently encode joint distributions via factorization, exploiting conditional

independence relationships encoded in the graph structure. In BNs, the joint distribution factorizes

as:

pM(X) =
n∏

i=1

P (Xi|Pa(Xi))
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where X = {X1, . . . , Xn} is the set of random variables, and Pa(Xi) denotes the parents of Xi

in the directed graph.M denotes the Bayesian network.

Throughout this dissertation, we refer to both conditional probability tables (in BNs) and po-

tential functions (in MNs) as factors, denoted by Fc, where c represents the clique induced by the

factor (in BNs, this is the clique formed by a node and its parents).

Multilinear Polynomial Representation

We use the multilinear polynomial representation (Sherali and Adams, 2009; Sherali and Tunc-

bilek, 1992; Horst and Tuy, 1996) to concisely describe our proposed methods as well as for spec-

ifying discrete, continuous, and mixed constrained optimization problems. Let Z = {Z1, . . . , Zn}

be a set of random variables. Let [n] = {1, . . . , n} and i ∈ [n] be an index over the variables of

Z. Let 2[n] denote the set of subsets of indices of [n]; thus each element of 2[n] denotes a (unique)

subset of Z. Let I ⊆ 2[n] and let wI ∈ R where I ∈ I be a real number (weight) associated with

each element I of I. Then, a multilinear polynomial is given by

f(z) = f(z1, . . . , zn) =
∑
I∈I

wI

∏
i∈I

zi (2.2)

where z = (z1, . . . , zn) is an assignment to all variables in Z. We will call f(z) the weight of z.

It is known that weighting functions, namely the sum of log of conditional probability tables

and log-potentials associated with Bayesian and Markov networks respectively can be expressed

as multilinear polynomials (see for example Koller and Friedman (2009)).

Example 2. Figure 2.2 shows a multilinear representation for a Markov network. The weight of

the assignment (X1 = 0, X2 = 1, Y1 = 0, Y2 = 1) is 14 and 18 w.r.t.M1 andM2 respectively.

2.2.4 Dependency Networks (DNs)

Heckerman et al. (2000) introduced Dependency Networks (DNs), which represent the joint dis-

tribution using a set of local conditional probability distributions—one for each variable. Each
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Figure 2.2: Two Markov networks M1 and M2 having the same chain-like structure and de-
fined over the same set {X1, X2, Y1, Y2} of variables . M1 is defined by the set of log-potentials
{h1, h2, h3} andM2 is defined by the set of log-potentials {t1, t2, t3}. Each log-potential can be
expressed as a local multilinear polynomial function. The global multilinear function represent-
ingM1 andM2 are h(x1, x2, y1, y2) = 18 − 3x1 + x2 − 7y1 − y2 + 5x1y1 − 4x2y2 − y1y2 and
t(x1, x2, y1, y2) = 28 + 2x1 − 7x2 − 4y1 − 2y2 + 2x1y1 − x2y2 respectively which are obtained
by adding the local functions associated with the respective models and then simplifying, i.e.,
h(x1, x2, y1, y2) = h1(x1, y1) + h2(y1, y2) + h3(x2, y2). t(x1, x2, y1, y2) is obtained similarly.

conditional defines the probability of a variable given all others. A DN is said to be consistent if

there exists a joint distribution P (x) such that each conditional distribution Pi(xi | x−i), where

x−i denotes the projection of x onto X \Xi, is derived from P (x).

A DN is learned from data by learning a classifier (e.g., logistic regression, multi-layer percep-

tron, etc.) for each variable, and thus DN learning is embarrassingly parallel. However, because

the classifiers are independently learned from data, we often get an inconsistent DN. It has been

conjectured (Heckerman et al., 2000) that most DNs learned from data are almost consistent in that

only a few parameters need to be changed in order to make them consistent.
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The most popular inference method over DNs is fixed-order Gibbs sampling (Liu, 2008). If the

DN is consistent, then its conditional distributions are derived from a joint distribution P (x), and

the stationary distribution (namely the distribution that Gibbs sampling converges to) will be the

same as P (x). If the DN is inconsistent, then the stationary distribution of Gibbs sampling will be

inconsistent with the conditional distributions.

2.3 Inference Tasks Over Probabilistic Models

2.3.1 Marginal Inference

Marginal inference (MAR) is a fundamental task in Probabilistic Models (PMs), where the goal is

to compute the probability distribution over a subset of variables by summing out the remaining

variables. Formally, given a joint distribution P (X, Y ), the marginal distribution over X is defined

as:

P (X) =
∑
Y

P (X, Y )

Marginal Inference over PCs

Given a Probabilistic Circuits (PCs) M defined over X, let S, P and L denote the set of sum,

product and leaf nodes of M respectively. Let Q ⊆ X. Given a node m and an assignment q,

let v(m,q) denote the value of m given q. Given a leaf node n, let var(n) denote the variable

associated with n and let l(n,q) be a function, which we call leaf function, that is defined as

follows. l(n,q) equals 0 if any of the following two conditions are satisfied: (1) the label of n is Q

where Q ∈ Q and q contains the assignment Q = 0; and (2) if the label of n is ¬Q and q contains

the assignment Q = 1. Otherwise, it is equal to 1. Intuitively, the leaf function assigns all leaf

nodes that are inconsistent with the assignment q to 0 and the remaining nodes, namely those that

are consistent with q and those that are not part of the query to 1.
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Under this notation, and given a leaf function l(n,q), the marginal probability of any assign-

ment q w.r.tM, and denoted by pM(q) can be computed by performing the following recursive

value computations:

v(n,q) =


l(n,q) if n ∈ L∑

m∈ch(n) ω(m,n)v(m,q) if n ∈ S∏
m∈ch(n) v(m,q) if n ∈ P

(2.3)

Let r denote the root node ofM. Then, the probability of q w.r.t. M, denoted by pM(q) equals

v(r,q). Note that if Q = X, then v(r,x) denotes the probability of the joint assignment x to all

variables in the PC. Thus

v(r,q) =
∑

y∈{0,1}|Y|

v(r, (q,y))

where Y = X \Q and the notation (q,y) denotes the composition of the assignments to Q and Y

respectively.

Since the recursive value computations require only one bottom-up pass over the PC, MAR

inference is tractable or linear time in smooth and decomposable PCs.

Example 3. Figure 2.1 shows bottom-up, recursive value computations for computing the prob-

ability of the assignment (X3 = 1, X4 = 0) in our running example. Here, the leaf nodes ¬X3

and X4 are assigned to 0 and all other leaf nodes are assigned to 1. The number in parentheses at

the top, left, and bottom of each sum, product and leaf nodes respectively shows the value of the

corresponding node. The value of the root node equals pM(X3 = 1, X4 = 0).

2.3.2 Most Probable Explanation

The Most Probable Explanation (MPE) task in Probabilistic Models (PMs) involves determining

the most likely assignment to unobserved (non-evidence) variables, given observations (evidence).

Formally, letM represent a PGM defined over a set of variables X, with the associated distribution

pM(X). The variables X are partitioned into evidence E ⊆ X and query Q ⊆ X sets, such that
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E ∩Q = ∅ and E ∪Q = X. Given an assignment e to the evidence variables E, the MPE task is

formulated as:

MPE(Q, e) = argmax
q

pM(q|e) = argmax
q

{log pM(q, e)} (2.4)

It is known that the MPE task is NP-hard in general and even hard to approximate (Cooper,

1990; Park and Darwiche, 2004; de Campos, 2011; Peharz, 2015; Conaty et al., 2017).

2.3.3 Marginal Maximum-a-Posteriori (MMAP)

Given a Probabilistic Model (PM)M defined over X, let E ⊆ X and Q ⊆ X denote the set of

evidence and query variables respectively such that E ∩ Q = ∅. Let H = X \ (Q ∪ E) denote

the set of hidden variables. Given an assignment e to the evidence variables (called evidence), the

Marginal maximum-a-posterioris (MMAPs) task seeks to find an assignment q to Q such that the

probability of the assignment (e,q) w.r.t.M is maximized. Mathematically,

MMAP(Q, e) = argmax
q

pM(e,q) (2.5)

=argmax
q

∑
h∈{0,1}|H|

pM(e,q,h) (2.6)

If H = ∅ (namely Q is the set of non-evidence variables), then MMAP corresponds to the most

probable explanation (MPE) task. It is known that both MMAP and MPE tasks are at least NP-hard

in smooth and decomposable PCs (Park and Darwiche, 2004; de Campos, 2011; Peharz, 2015), and

even NP-hard to approximate (Conaty et al., 2017; Mei et al., 2018).

A popular approach to solve the MMAP task in PCs is to replace the sum (
∑

) operator with

the max operator during bottom-up, recursive value computations and then performing a second

top-down pass to find the assignment (Poon and Domingos, 2011).
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2.3.4 Constrained Most Probable Explanation

Let X and Y be two subsets of Z such that Z = X ∪ Y and X ∩ Y = ∅. We will refer to Y

as decision variables and X as evidence variables. Given assignments x and y, let (x,y) denote

their composition. Let h and t denote two multilinear polynomials over Z obtained from two

Markov networksM1 andM2 respectively that represent two (possibly different) joint probability

distributions over Z. Then given a real number q and an assignment x to all variables in X, the

CMPE task is to find an assignment y∗ to all the variables in Y such that h(x,y∗) is maximized

(namely the probability of the assignment w.r.t. M1 is maximized) and t(x,y∗) ≤ q (namely the

probability of the assignment w.r.t.M2 is bounded by a constant). Formally,

maximize
y

h(x,y) s.t. t(x,y) ≤ q (2.7)

For brevity, we will abuse notation and use hx(y) and tx(y) to denote h(x,y) and t(x,y) respec-

tively.

The most probable explanation (MPE) task in probabilistic graphical models (Koller and Fried-

man, 2009) is a special case of CMPE; MPE is just CMPE without the constraint tx(y) ≤ q. The

goal in MPE is to find an assignment y∗ to Y such that the weight hx(y
∗) of the assignment is

maximized given evidence x. Similar to MPE, CMPE is NP-hard in general, with the caveat that

CMPE is much harder than MPE. Specifically, CMPE is NP-hard even on independent graphi-

cal models (having zero treewidth), where MPE can be solved in linear time by independently

maximizing each univariate function (Rouhani et al., 2020).

Example 4. Given X1 = 1, X2 = 1 and q = 20, the CMPE solution of the example problem

in Figure 2.2 is (y∗1, y
∗
2) = (0, 1) with a value h(1, 1, 0, 1) = 11, whereas the MPE solution is

(y∗1, y
∗
2) = (0, 0) with value h(1, 1, 0, 0) = 16.

Since we are interested in machine learning approaches to solve the CMPE task and such

approaches employ loss functions, it is convenient to express CMPE as a minimization task with
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a "≤ 0" constraint. This can be accomplished by negating h and subtracting q from t. Formally,

let fx(y) = −hx(y) and gx(y) = tx(y) − q. Then equation 2.7 is equivalent to the following

minimization problem:

minimize
y

fx(y) s.t. gx(y) ≤ 0 (2.8)

Let y∗ be the optimal solution to the problem given in equation 2.8 and let p∗x = fx(y
∗). Also,

without loss of generality, we assume that fx is strictly positive, i.e., ∀y, fx(y) > 0.

If all variables in Y are binary (or discrete in general), equation 2.8 can be formulated as an

(equivalent) integer linear programming (ILP) problem by introducing auxiliary integer variables

for each multilinear term (e.g., y1,2 = y1y2, y2,3 = y2y3, etc.) and adding appropriate constraints

to model the equivalence between the auxiliary variables and multilinear terms (see for example

(Koller and Friedman, 2009), Chapter 13). Therefore, in practice, (equation 2.8) can be solved

optimally using mixed integer linear programming (MILP) solvers such as Gurobi (Gurobi Opti-

mization, LLC, 2023) and SCIP (Achterberg et al., 2008; Achterberg, 2009).

Unfortunately, due to a presence of a dense global constraint, namely gx(y) ≤ 0 in equa-

tion 2.8, the MILP solvers often perform poorly. Instead, in practice, application designers often

use efficient, specialized algorithms that exploit problem structure for lower bounding p∗x, and then

using these lower bounds in an anytime branch-and-bound algorithm to obtain an upper bound on

p∗x.

Specialized Algorithms for Lower Bounding p∗x

Recently, Rahman et al. (2021) proposed two new approaches for computing upper bounds on the

optimal value of the maximization problem given in equation 2.7. These methods can be easily

adapted to obtain a lower bound on p∗x; because an upper bound on the maximization problem is a

lower bound on the corresponding minimization problem. We present the adaptations of Rahman

et al.’s approach next.
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The first approach is based on the Lagrangian relaxation method that introduces a Lagrange

multiplier µ ≥ 0 to transform the constrained minimization problem to the following unconstrained

problem: minimizeyfx(y)+µgx(y). Let d∗µ denote the optimal value of the unconstrained problem.

Then, it is easy to show that d∗µ ≤ p∗x. The largest upper bound is obtained by finding a value of µ

that maximizes d∗µ. More formally,

max
µ≥0

d∗µ = max
µ≥0

min
y

fx(y) + µgx(y) ≤ p∗x (2.9)

Rahman et al. (2021) proposed to solve the inner minimization problem using exact techniques

from the graphical models literature such as variable/bucket elimination (Dechter, 1999), branch

and bound search and best-first search (Marinescu and Dechter, 2012, 2009b; Wu et al., 2020).

When exact inference is not feasible, Rahman et al. (2021) proposed to solve the inner problem

using approximate inference techniques such as mini-bucket elimination, dual-decomposition and

join-graph based bounding algorithms (Choi and Darwiche, 2011; Dechter and Rish, 2003; Wain-

wright et al., 2005; Globerson and Jaakkola, 2007; Komodakis et al., 2007; Ihler et al., 2012). The

outer maximization problem is solved using sub-gradient ascent.

The second approach by Rahman et al. (2021) uses the Lagrangian decomposition method

to transform the problem into a multi-choice knapsack problem (MCKP) and then utilizes off-

the-shelf MCKP solvers. In our experiments, we use the Lagrange relaxation approach given in

equation 2.9.

If the set Y contains continuous variables, then it is not possible to reduce it to an equivalent

MILP/LP (Horst and Tuy, 1996; Sherali and Tuncbilek, 1992). However, by leveraging lineariza-

tion methods (Sherali and Tuncbilek, 1992; Sherali and Adams, 2009) and solving the resulting

problem using linear programming (LP) solvers, we can still obtain good lower bounds on p∗x.

2.4 Hypergraphs

Hypergraphs extend the concept of traditional graphs by allowing edges, known as hyperedges, to

connect more than two vertices. Formally, a hypergraphH = (V , E) consists of a set of vertices V
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and a set of hyperedges E , where each hyperedge e ∈ E is a subset of V . Unlike standard graphs,

where edges are binary relations between two nodes, hypergraphs capture higher-order interactions

among groups of vertices, making them suitable for modeling complex relational data in domains

such as social networks, biology, and machine learning. Hypergraphs can represent multi-way

dependencies, which are challenging to model using simple pairwise connections.

In data representation learning, hypergraph-based approaches have gained prominence for their

ability to capture higher-order correlations. Methods such as HGNN (Feng et al., 2019), Hyper-

GCN (Yadati et al., 2019), hypergraph convolution and attention operators (Bai et al., 2019), Hy-

perSAGE (Arya et al., 2020), HNHN (Dong et al., 2020) and UniGNN (Huang and Yang, 2021)

leverage the hypergraph structure to model complex relationships, thereby enhancing the accuracy

and robustness of learned representations.
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CHAPTER 3

NEURAL NETWORK APPROXIMATORS FOR MARGINAL

MAP IN PROBABILISTIC CIRCUITS

3.1 Introduction

Probabilistic circuits (PCs) (Choi et al., 2020a) such as sum-product networks (SPNs) (Poon and

Domingos, 2011), arithmetic circuits (Darwiche, 2003), AND/OR graphs (Dechter and Mateescu,

2007), cutset networks (Rahman et al., 2014), and probabilistic sentential decision diagrams (Kisa

et al., 2014) represent a class of tractable probabilistic models which are often used in practice

to compactly encode a large multi-dimensional joint probability distribution. Even though all of

these models admit linear time computation of marginal probabilities (MAR task), only some of

them (Vergari et al., 2021; Peharz, 2015), specifically those without any latent variables or having

specific structural properties, e.g., cutset networks, selective SPNs (Peharz et al., 2016), AND/OR

graphs having small contexts, etc., admit tractable most probable explanation (MPE) inference1.

However, none of these expressive Probabilistic circuits (PCs) can efficiently solve the margi-

nal maximum-a-posteriori (MMAP) task (Peharz, 2015; Vergari et al., 2021), a task that combines

MAR and MPE inference. More specifically, the distinction between MPE and MMAP tasks

is that, given observations over a subset of variables (evidence), the MPE task aims to find the

most likely assignment to all the non-evidence variables. In contrast, in the MMAP task, the

goal is to find the most likely assignment to a subset of non-evidence variables known as the

query variables, while marginalizing out non-evidence variables that are not part of the query. The

MMAP problem has numerous real-world applications, especially in health care, natural language

processing, computer vision, linkage analysis and diagnosis where hidden variables are present

and need to be marginalized out (Bioucas-Dias and Figueiredo, 2016; Kiselev and Poupart, 2014;

Lee et al., 2014; Ping et al., 2015).

1The MPE inference task is also called full maximum-a-posteriori (full MAP) inference in literature. In this
dissertation, we adopt the convention of calling it MPE.
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In terms of computational complexity, both MPE and MMAP tasks are at least NP-hard in

SPNs, a popular class of PCs (Peharz, 2015; Conaty et al., 2017). Moreover, it is also NP-hard to

approximate MMAP in SPNs to 2n
δ for fixed 0 ≤ δ < 1, where n is the input size (Conaty et al.,

2017; Mei et al., 2018). It is also known that the MMAP task is much harder than the MPE task

and is NP-hard even on models such as cutset networks and AND/OR graphs that admit linear time

MPE inference (Park and Darwiche, 2004; de Campos, 2011).

To date, both exact and approximate methods have been proposed in literature for solving the

MMAP task in PCs. Notable exact methods include branch-and-bound search (Mei et al., 2018),

reformulation approaches which encode the MMAP task as other combinatorial optimization prob-

lems with widely available solvers (Mauá et al., 2020) and circuit transformation and pruning

techniques (Choi et al., 2022). These methods can be quite slow in practice and are not applicable

when fast, real-time inference is desired. As a result, approximate approaches that require only a

few passes over the PC are often used in practice. A popular approximate approach is to compute

an MPE solution over both the query and unobserved variables and then project the MPE solution

over the query variables (Poon and Domingos, 2011; Rahman et al., 2019). Although this approach

can provide fast answers at query time, it often yields MMAP solutions that are far from optimal.

In this chapter, we propose to address the limitations of existing approximate methods for

MMAP inference in PCs by using neural networks (NNs), leveraging recent work in the learning to

optimize literature (Li and Malik, 2017; Fioretto et al., 2020; Donti et al., 2020; Zamzam and Baker,

2020; Park and Hentenryck, 2023). In particular, several recent works have shown promising

results in using NNs to solve both constrained and unconstrained optimization problems (see Park

and Hentenryck (2023) and the references therein).

The high-level idea in these works is the following: given data, train NNs, either in a supervised

or self-supervised manner, and then use them at test time to predict high-quality, near-optimal so-

lutions to future optimization problems. A number of reasons have motivated this idea of learning

to optimize using NNs: 1) NNs are good at approximating complex functions (distributions), 2)
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once trained, they can be faster at answering queries than search-based approaches, and 3) with

ample data, NNs can learn accurate mappings of inputs to corresponding outputs. This has led

researchers to employ NNs to approximately answer probabilistic inference queries such as MAR

and MPE in Bayesian and Markov networks (Yoon et al., 2019; Cui et al., 2022a). To the best of

our knowledge, there is no prior work on solving MMAP in BNs, MNs, or PCs using NNs.

This chapter presents the following contributions. First, we propose to learn a neural network

(NN) approximator for solving the MMAP task in PCs. Second, by leveraging the tractability of

PCs, we devise a loss function whose gradient can be computed in time that scales linearly in

the size of the PC, allowing fast gradient-based algorithms for learning NNs. Third, our method

trains an NN in a self-supervised manner without having to rely on pre-computed solutions to

arbitrary MMAP problems, thus circumventing the need to solve intractable MMAP problems

in practice. Fourth, we demonstrate via a large-scale experimental evaluation that our proposed

NN approximator yields higher quality MMAP solutions as compared to existing approximate

schemes.

3.2 A Neural Optimizer for MMAP in PCs

In this section, we introduce a learning-based approach using deep neural networks (NNs) to ap-

proximately solve the MMAP problem in PCs. Formally, the NN represents a function fθ(.) that

is parameterized by θ, and takes an assignment e over the evidence variables as input and outputs

an assignment q over the query variables. Our goal is to design generalizable, continuous loss

functions for updating the parameters of the NN such that once learned, at test time, given an as-

signment e to the evidence variables as input, the NN outputs near-optimal solutions to the MMAP

problem.

In this chapter, we focus on answering fixed-partition queries, where the evidence variables(
E = {Ei}Ni=1

)
and query variables

(
Q = {Qj}Mj=1

)
are known a priori and remain fixed during

both training and testing. Also, note that our proposed method does not depend on the particular
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NN architecture used, and we only require that each output node is a continuous quantity in the

range [0, 1] and uses a differentiable activation function (e.g., the sigmoid function).

(a) Input Encoding: This diagram depicts the en-
coding process for input features in fixed-partition
queries. The input is a vector (e1, e2, . . . , eL),
representing the values of the evidence variables.
These inputs serve as the encoded representation
(X̂1, X̂2, . . . , X̂L) for the neural network, facilitat-
ing the transformation of evidence variables into a
suitable feature space for inference.

(b) Output Encoding: This diagram illustrates
the encoding scheme at the output stage for fixed-
partition queries. The neural network generates
continuous outputs (Ŷ1, Ŷ2, . . . , ŶN ) for each vari-
able in the probabilistic model after applying a sig-
moid activation function. These outputs are then
partitioned into two sets: predicted values for the
query variables (Q̂1, Q̂2, . . . , Q̂M ) and evidence
variables (Ê1, Ê2, . . . , ÊL). The loss function is ap-
plied only to the query variables, ensuring the neu-
ral network is optimized specifically for inference
tasks.

Figure 3.1: Encoding Schemes for Fixed-Partition Queries: This figure provides the encoding
mechanisms used for fixed-partition queries, illustrating the transformation of input evidence val-
ues and the processing of neural network outputs into meaningful query variable values.

To represent neural network inputs for the fixed-partition task, we employ the encoding illus-

trated in Figure 3.1a. Since E and Q are known a priori, only the evidence variable values are
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provided as inputs to the network. The output encoding, depicted in Figure 3.1b, is designed to

extract the query variable values from the neural network and apply the loss function. This encod-

ing ensures that, following the application of the sigmoid activation function, the outputs remain

within the continuous range [0, 1].

We can learn the parameters of the given NN either in a supervised manner or in a self-

supervised manner. However, the supervised approach is impractical, as described below.

In the supervised setting, we assume we are given training data D = {⟨e1,q∗
1⟩, . . . , ⟨ed,q∗

d⟩},

where each input ei is an assignment to the evidence variables, and each (label) q∗
i is an optimal

solution to the corresponding MMAP task, namely q∗
i = MMAP(Q, ei). We then use supervised

loss functions such as the mean-squared-error (MSE)
∑d

i=1 ∥q∗
i −qc

i)∥22/d and the mean-absolute-

error (MAE)
∑d

i=1 ∥q∗
i −qc

i∥1/d where qc
i is the predicted assignment (note that qc

i is continuous),

and standard gradient-based methods to learn the parameters. Although supervised approaches

allow us to use simple-to-implement loss functions, they are impractical if the number of query

variables is large because they require access to the exact solutions to several intractable MMAP

problems2. We therefore propose to use a self-supervised approach.

3.2.1 A Self-Supervised Loss Function for PCs

In the self-supervised setting, we need access to training data in the form of assignments to the

evidence variables, i.e., D′ = {e1, . . . , ed}. Since smooth and decomposable PCs admit perfect

sampling, these assignments can be easily sampled from the PC via top-down AND/OR sampling

(Gogate and Dechter, 2012). The latter yields an assignment x over all the random variables in the

PC. Then we simply project x on the evidence variables E to yield a training example e. Because

each training example can be generated in time that scales linearly with the size of the PC, in

2Note that the training data used to train the NN in the supervised setting is different from the training data used
to learn the PC. In particular, in the data used to train the PC, the assignments to the query variables Q may not be
optimal solutions of MMAP(Q, e).
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Figure 3.2: QPC obtained from the PC given in 2.1 for query variables {X3, X4}. For simplicity,
here, we use an MMAP problem without any evidence. This is because given evidence can be
incorporated into the PC by appropriately setting the leaf nodes. We also show value computations
for the following leaf initialization: Xc

3 = 0.99,¬Xc
3 = 0.01, Xc

4 = 0.05,¬Xc
4 = 0.95 and all

other leaves are set to 1.

practice, our proposed self-supervised approach is likely to have access to much larger number of

training examples compared to the supervised approach.

Let qc denote the MMAP assignment predicted by the NN given evidence e ∈ D′ where

qc ∈ [0, 1]M . In MMAP inference, given e, we want to find an assignment q such that lnpM(e,q)

is maximized, namely, − lnpM(e,q) is minimized. Thus, a natural loss function that we can use

is − lnpM(e,q). Unfortunately, the NN outputs a continuous vector qc and as a result pM(e,qc)

is not defined. Therefore, we cannot use − lnpM(e,qc) as a loss function.

One approach to circumvent this issue is to use a threshold (say 0.5) to convert each continuous

quantity in the range [0,1] to a binary one. A problem with this approach is that the threshold

function is not differentiable.

Therefore, we propose to construct a smooth, differentiable loss function that given qc =

(qc1, . . . , q
c
M) approximates − lnpM(e,q) where q = (q1 = [qc1 > 0.5], . . . , qM = [qcM > 0.5])

and [qci > 0.5] is an indicator function which is 1 if qci > 0.5 and 0 otherwise. The key idea in
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our approach is to construct a new PC, which we call Query-specific PC (QPC) by replacing all

binary leaf nodes associated with the query variables in the original PC, namely those labeled by

Q and ¬Q where Q ∈ Q, with continuous nodes Qc ∈ [0, 1] and ¬Qc ∈ [0, 1]. Then our proposed

loss function is obtained using value computations (at the root node of the QPC) via a simple

modification of the leaf function of the PC. At a high level, our new leaf function assigns each leaf

node labeled by Qc
j such that Qj ∈ Q to its corresponding estimate qcj , obtained from the NN and

each leaf node labeled by ¬Qc
j such that Qj ∈ Q to 1− qcj .

Formally, for the QPC, we propose to use leaf function l′(n, (e,qc)) defined as follows:

1. If the label of n is Qc
j such that Qj ∈ Q then l′(n, (e,qc)) = qcj

2. If n is labeled by ¬Qc
j such that Qj ∈ Q then l′(n, (e,qc)) = 1− qcj

3. If n is labeled by Ek such that Ek ∈ E and the assignment Ek = 0 is in e then

l′(n, (e,qc)) = 0

4. If n is labeled by ¬Ek such that Ek ∈ E and the assignment Ek = 1 is in e then

l′(n, (e,qc)) = 0

5. If conditions (1)-(4) are not met then l′(n, (e,qc)) = 1

The value of each node n in the QPC, denoted by v′(n, (e,qc)) is given by a similar recursion to

the one given in Eq. equation 2.3 for PCs, except that the leaf function l(n,q) is replaced by the

new (continuous) leaf function l′(n, (e,qc)). Formally, v′(n, (e,qc)) is given by

v′(n, (e,qc)) =


l′(n, (e,qc)) if n ∈ L∑

m∈ch(n) ω(m,n)v′(m, (e,qc)) if n ∈ S∏
m∈ch(n) v

′(n, (e,qc)) if n ∈ P

(3.1)

Let r denote the root node ofM, then we propose to use − ln v′(r, (e,qc)) as a loss function.
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Example 5. Figure 3.2 shows the QPC corresponding to the PC shown in Figure 2.1. We also

show value computations for the assignment (Xc
3 = 0.99, Xc

4 = 0.05).

3.2.2 Tractable Gradient Computation

Our proposed loss function is smooth and continuous because by construction, it is a negative

logarithm of a multilinear function over qc. Next, we show that the partial derivative of the function

w.r.t. qcj can be computed in linear time in the size of the QPC3. More specifically, in order to

compute the partial derivative of QPC with respect to qc
j , we simply have to use a new leaf function

which is identical to l′ except that if the label of a leaf node n is Qc
j then we set its value to 1 (instead

of qcj) and if it is ¬Qc
j then we set its value −1 (instead of 1 − qcj). We then perform bottom-up

recursive value computations over the QPC and the value of the root node is the partial derivative

of the QPC with respect to qc
j . In summary, it is straight-forward to show that:

Proposition 3.2.1. The gradient of the loss function − ln v′(r, (e,qc)) w.r.t. qc
j can be computed

in time and space that scales linearly with the size ofM.

Proof. Without loss of generality, assume that the root node of the QPC is a sum node, the QPC

has alternating levels of sum and product nodes and assume that we are computing the partial

derivative of the QPC w.r.t. node Xc
j such that Xj ∈ Qj . Because the QPC is smooth, all child

nodes of the root node must contain Xc
j . Therefore, by sum rule of derivative, the derivative at the

root node is given by:

∂v(r, e,q)

∂xc
j

=
∑

m∈ch(r)

ω(m, r)
∂v(m, e,q)

∂xc
j

(3.2)

We assume that the QPC is decomposable. As a result, at each product node n of the root,

exactly one child node of n will be defined over Xc
j . Therefore, while computing the derivative,

3Recall that qcj is an output node of the NN and therefore backpropagation over the NN can be performed in time
that scales linearly with the size of the NN and the QPC
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we can treat the values of other child nodes as constants (since they do not depend on Xc
j ). Let the

child node of n that is defind over Xc
j be denoted by mj . Then, the partial derivative of the product

node w.r.t. Xc
j is given by:

∂v(n, e,q)

∂xc
j

=
∂v(mj, e,q)

∂xc
j

∏
m∈ch(n):m ̸=mj

v(m, e,q) (3.3)

Continuing this analysis further, it is easy to see that the partial derivative of each sum and

product node that mentions Xc
j (w.r.t. Xc

j ) is given by equations equation 3.2 and equation 3.3

respectively.

The derivative of the leaf node labeled by Xc
j w.r.t. xc

j equals 1, because it is assigned to xc
j .

Similarly, the derivative of the leaf node labeled by ¬Xc
j w.r.t. xc

j equals−1, because it is assigned

to 1− xc
j .

Thus, we observe that the only leaf assignments that change from the QPC used to compute

the loss function are the ones labeled by Xc
j and ¬Xc

j . In particular, they go from xc
j and 1− xc

j to

1 and −1 respectively. (While all other leaf assignments stay the same.)

Therefore, the partial derivative of the QPC w.r.t. Xc
j can be computed via value computations

using the new leaf assignments described above. Since the value computations require only one

pass over the QPC, they run in linear time in the size of the QPC.

Example 6. Figures 3.3(a) and 3.3(b) show the value computations for the partial derivative of

the QPC w.r.t. Xc
3 and Xc

4 respectively.

3.2.3 Improving the Loss Function

As mentioned earlier, our proposed loss function is a continuous approximation of the discrete

function − ln v(r, (e,q)) where q = (q1 = [qc1 > 0.5], . . . , qM = [qcM > 0.5]) and the difference

between the two is minimized iff q = qc. Moreover, since the set of continuous assignments

includes the discrete assignments, it follows that:

min
qc
{− ln v′(r, (e,qc))} ≤ min

q
{− ln v(r, (e,q))} (3.4)
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Figure 3.3: (a) Value computations for partial derivative of the QPC given in Figure 3.2 w.r.t.
Xc

3 and (b) Value computations for partial derivative of the QPC given in Figure 3.2 w.r.t. Xc
4.

The values of the leaf, sum and product nodes are given in brackets on their bottom, top and left
respectively. The value of the root node equals the partial derivative.
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Since the right-hand side of the inequality given in equation 3.4 solves the MMAP task, we can

improve our loss function by tightening the lower bound. This can be accomplished using an

entropy-based penalty, controlled by a hyper-parameter α > 0, yielding the loss function

ℓ(qc) = − ln v′(r, (e,qc))− α
M∑
j=1

qcj log(q
c
j) + (1− qcj) log(1− qcj) (3.5)

The second term in the expression given above is minimized when each qcj is closer to 0 or 1 and is

maximized when qcj = 0.5. Therefore, it encourages 0/1 (discrete) solutions. The hyperparameter

α controls the magnitude of the penalty. When α = 0, the above expression finds an assignment

based on the continuous approximation − ln v′(r, (e,qc)). On the other hand, when α = ∞ then

only discrete solutions are possible yielding a non-smooth loss function. α thus helps us trade the

smoothness of our proposed loss function with its distance to the true loss.

3.3 Experiments

In this section, we describe and analyze the results of our comprehensive experimental evaluation

for assessing the performance of our novel Self-Supervised learning based MMAP solver for PCs,

referred to as SSMP hereafter. We begin by describing our experimental setup including competing

methods, evaluation criteria, as well as NN architectures, datasets, and PCs used in our study.

3.3.1 Competing Methods

We use three polytime baseline methods from the PC and probabilistic graphical models literature

(Park and Darwiche, 2004; Poon and Domingos, 2011). We also compared the impact of using

the solutions computed by the three baseline schemes as well our method SSMP as initial state for

stochastic hill climbing search.

Baseline 1: MAX Approximation (Max). In this scheme (Poon and Domingos, 2011), the MMAP

assignment is derived by substituting sum nodes with max nodes. During the upward pass, a

max node produces the maximum weighted value from its children instead of their weighted sum.
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Subsequently, the downward pass begins from the root and iteratively selects the highest-valued

child of a max node (or one of them), along with all children of a product node.

Baseline 2: Maximum Likelihood Approximation (ML) (Park and Darwiche, 2004) For each

variable Q ∈ Q, we first compute the marginal distribution pM(Q|e) and then set Q to

argmax
j∈{0,1}

pM(Q = j|e)

Baseline 3: Sequential Approximation (Seq) In this scheme (Park and Darwiche, 2004), we

assign the query variables one by one until no query variables remain unassigned. At each step, we

choose an unassigned query variable Qj ∈ Q that maximizes the probability pM(qj|e,y) for one

of its values qj and assign it to qj where y represents the assignment to the previously considered

query variables.

Stochastic Hill Climbing Search. We used the three baselines and our SSMP method as the initial

state in stochastic hill climbing search for MMAP inference described in (Park and Darwiche,

2004). The primary goal of this experiment is to assess whether our scheme can assist local search-

based anytime methods in reaching better solutions than other heuristic methods for initialization.

In our experiments, we ran stochastic hill climbing for 100 iterations for each MMAP problem.

3.3.2 Evaluation Criteria

We evaluated the performance of the competing schemes along two dimensions: log-likelihood

scores and inference times. Given evidence e and query answer q, the log-likelihood score is given

by ln pM(e,q).

3.3.3 Datasets and Probabilistic Circuits

We use twenty-two widely used binary datasets from the tractable probabilistic models’ literature

(Lowd and Davis, 2010; Haaren and Davis, 2012a; Larochelle and Murray, 2011; Bekker et al.,

2015) (we call them TPM datasets) as well as the binarized MNIST (Salakhutdinov and Murray,

37



2008), EMNIST (Cohen et al., 2017) and CIFAR-10 (Krizhevsky et al., 2009) datasets. We used

the DeeProb-kit library (Loconte and Gala, 2022) to learn a sum-product network (our choice of

PC) for each dataset. The number of nodes in these learned PCs ranges from 46 to 22027.

Tables 3.1 and 3.2 provide details of the datasets and the PCs used in our experiments. The

selected datasets cover a diverse range of scenarios, serving as representative benchmarks to com-

prehensively evaluate the performance and scalability of our algorithms. Notably, for the EMNIST

dataset, we specifically use classes from the EMNIST Letters subset.

Table 3.1: Overview of Dataset and PCs TPM Datasets

Dataset #Variables #Nodes in PC

nltcs 16 125
msnbc 17 46

kdd 64 274
plants 69 3737
baudio 100 348
bnetflix 100 400
jester 100 274

accidents 111 1178
mushrooms 112 902

connect4 126 2128
tretail 135 359
rcv1 150 519

pumsb star 163 2860
dna 180 1855

kosarek 190 779
tmovie 500 7343
book 500 1628

cwebkb 839 3154
cr52 889 7348

c20ng 910 2467
moviereview 1001 2567

bbc 1058 3399
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Table 3.2: CIFAR, MNIST, EMNIST Letters: Dataset and PC Overview

Dataset Name Class #Variables #Nodes in PC

cifar10 0 512 1294
cifar10 1 512 1326
cifar10 2 512 1280
cifar10 3 512 1684
cifar10 4 512 1743
cifar10 5 512 1632
cifar10 6 512 1796
cifar10 7 512 1359
cifar10 8 512 1300
cifar10 9 512 1279

emnist 1 784 2125
emnist 2 784 2124
emnist 3 784 2100
emnist 4 784 2122
emnist 19 784 2684
emnist 20 784 2147
emnist 22 784 2060
emnist 24 784 2734
emnist 26 784 2137

mnist 0 784 3960
mnist 1 784 4324
mnist 2 784 4660
mnist 3 784 4465
mnist 4 784 4510
mnist 5 784 4063
mnist 6 784 3776
mnist 7 784 4408
mnist 8 784 3804
mnist 9 784 3714

For each PC and each test example in the 22 TPM datasets, we generated two types of MMAP

instances: MPE instances in which H is empty and MMAP instances in which H is not empty. We

define query ratio, denoted by qr, as the fraction of variables that are part of the query set. For MPE,
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we selected qr from {0.1, 0.3, 0.5, 0.6, 0.7, 0.8, 0.9}, and for MMAP, we replaced 0.9 with 0.4 to

avoid small H and E. For generating MMAP instances, we used 50% of the remaining variables

as evidence variables (and for MPE instances all remaining variables are evidence variables).

For the MNIST, EMNIST, and CIFAR-10 datasets, we used qr = 0.7 and generated MPE

instances only. More specifically, we used the top 30% portion of the image as evidence, leaving

the bottom 70% portion as query variables. Also, in order to reduce the training time for PCs, note

that for these datasets, we learned a PC for each class, yielding a total of ten PCs for each dataset.

3.3.4 Neural Network Optimizers

For each PC and query ratio combination, we trained a corresponding neural network (NN) using

the loss function described in Section 3.2.3. Because we have 22 TPM datasets and 7 query ratios

for them, we trained 154 NNs for the MPE task and 154 for the MMAP task. For the CIFAR-10,

MNIST and EMNIST datasets, we trained 10 NNs, one for each PC (recall that we learned a PC

for each class).

Because our learning method does not depend on the specific choice of neural network archi-

tectures, we use a fixed neural network architecture across all experiments: fully connected with

four hidden layers having 128, 256, 512, and 1024 nodes respectively. We used ReLU activation in

the hidden layers, sigmoid in the output layer, dropout for regularization (Srivastava et al., 2014)

and Adam optimizer (Kingma and Ba, 2015) with a standard learning rate scheduler for 50 epochs.

All NNs were trained using PyTorch (Paszke et al., 2019) on a single NVIDIA A40 GPU.

In our experimental setup, we used a consistent minibatch size of 128 instances across all

experiments. To facilitate effective training, we applied a learning rate decay strategy, reducing

the learning rate by a factor of 0.9 after a fixed number of epochs. For discrete scenarios, a single

hyperparameter, α, was required. We selected its value for our loss function (see equation 3.5) via

5-fold cross-validation, exploring the range {0.01, 0.1, 1, 10, 100, 1000} to determine the optimal

setting.
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3.3.5 Results on the TPM Datasets

Table 3.3: Contingency tables for competing methods across MPE and MMAP Problems, includ-
ing initial and Hill Climbing Search comparisons. Highlighted values represent results for SSMP.

Initial Hill Climbing Search
MPE MMAP MPE MMAP

Max SSMP ML Seq Max SSMP ML Seq Max SSMP ML Seq Max SSMP ML Seq
Max 0 64 33 14 0 46 23 10 0 40 13 9 0 27 10 16

SSMP 88 0 96 77 97 0 102 82 93 0 99 87 98 0 100 86
ML 6 49 0 15 3 34 0 10 19 37 0 14 12 26 0 17
Seq 105 63 105 0 117 53 117 0 85 44 82 0 89 39 90 0

We summarize our results for the competing schemes (3 baselines and SSMP) on the 22 TPM

datasets using the first two contingency tables given in Table 3.3, one for MPE and one for MMAP.

Recall that we generated 154 test datasets each for MPE and MMAP (22 PCs × 7 qr values). In

all contingency tables, the number in the cell (i, j) equals the number of times (out of 154) that the

scheme in the i-th row was better in terms of average log-likelihood score than the scheme in the

j-th column. The difference between 154 and the sum of the numbers in the cells (i, j) and (j, i)

equals the number of times the scheme in the i-th row and j-th column had identical log-likelihood

scores.

From the MPE contingency table given in Table 3.3, we observe that SSMP is superior to Max,

ML, and Seq approximations. The Seq approximation is slightly better than the Max approxi-

mation, and ML is the worst-performing scheme. For the harder MMAP task, we see a similar

ordering among the competing schemes (see Table 3.3) with SSMP dominating other schemes. In

particular, SSMP outperforms the Max and ML approximations in almost two-thirds of the cases

and the Seq method in more than half of the cases.

We also investigate the effectiveness of SSMP and other baseline approaches when employed

as initialization strategies for Hill Climbing Search. These findings are illustrated in the last two

contingency tables given in Table 3.3. Notably, SSMP outperforms all other baseline approaches

in nearly two-thirds of the experiments for both MPE and MMAP tasks. These results demon-
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strate that SSMP can serve as an effective initialization technique for anytime local search-based

algorithms.
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Figure 3.4: Heat map showing the % difference in log-likelihood scores between SSMP and Max
approximation. Blue represents Max’s superiority (negative values) and red indicates SSMP better
performance (positive values).

In Figure 3.4, via a heat-map representation, we show a more detailed performance comparison

between SSMP and the Max approximation, which is a widely used baseline for MPE and MMAP

inference in PCs. In the heat-map representation, the y-axis represents the datasets (ordered by the

number of variables), while the x-axis shows the query ratio. The values in each cell represent the

percentage difference between the mean log-likelihood scores of SSMP and the Max approxima-
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tion. Formally, let llssmp and llmax denote the mean LL scores of SSMP and Max approximation

respectively, then the percentage difference is given by

%Diff. =
llssmp − llmax

|llmax|
× 100 (3.6)

From the heatmap for MPE given in Figure 3.4(a), we observe that SSMP is competitive with

the Max approximation when the size of the query set is small. However, as the number of query

variables increases, signaling a more challenging problem, SSMP consistently outperforms or has

similar performance to the Max method across all datasets, except for accidents, pumsb-star, and

book.

The heatmaps for MMAP are illustrated in Figure 3.4(b). We see a similar trend as the one for

MPE; SSMP remains competitive with the Max approximation, particularly when the number of

query variables is small. While SSMP outperforms (with some exceptions) the Max approximation

when the number of query variables is large.

3.3.6 Inference Time Comparison on TPM Datasets

We present the inference times for the polytime baseline methods and our proposed SSMP method,

as illustrated in Figure 3.5. The inference times for MPE queries are depicted in Figure 3.5a,

while those for MMAP queries are showcased in Figure 3.5b. The values in each cell correspond

to the natural logarithm of the time in microseconds for each method and dataset. Lower values

are represented by green, while higher values are denoted by red. Notably, our method exhibits a

substantial performance advantage over all other methods. Additionally, it is noteworthy that as the

dataset size (and consequently the SPN size) increases, the inference time for the baseline methods

(ML, Seq, and Max) increases, whereas our method’s inference time remains almost the same. This

distinction arises because the baseline methods depend on the SPN size during inference, whereas

our approach allows us to regulate inference time by modifying the neural network’s size without

impacting the SPN.
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Figure 3.5: Heatmap illustrating inference time for ML, Seq, Max, and SSMP methods on a Loga-
rithmic micro-second scale. The color green indicates shorter (more favorable) time.

On average SSMP requires in the order of 7-10 micro-seconds for MMAP inference on an A40

GPU. The Max approximation takes 7 milli-seconds (namely, SSMP is almost 1000 times faster).

In comparison, as expected, the Seq and ML approximations are quite slow, requiring roughly 400

to 600 milliseconds to answer MPE and MMAP queries.

3.3.7 A Comparative Analysis: SSMP Method Versus Supervised Learning Approaches

Label Generation for Supervised Learning Benchmarks

To compare the performance of SSMP method with a supervised learning approach, we employed

Stochastic Hill Climbing Search. This choice was motivated by the challenge posed by the large

number of potential query variables in our experimental setup. Given the complexity of obtaining

exact solutions in this setting, we opted for a more practical alternative.
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Our approach involved initializing the query variables randomly and performing 1000 iterations

for each problem instance. The resulting labels were then used to train a supervised neural network.

This methodology allowed us to effectively address the challenges associated with a large query

space, enabling a meaningful comparative evaluation between SSMP and the supervised learning

approach.
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Figure 3.6: Heatmap showing the percentage difference in log-likelihood scores between SSMP
and Supervised Learning method. Blue color represents the supervised method’s superiority (neg-
ative values), while red color represents SSMP’s superiority (positive values). The datasets are
arranged in ascending order of their number of variables.

Comparison with Supervised Neural Network Training

We conduct a comparative analysis of our approach against supervised learning methods to as-

sess its performance in the heatmaps shown in Figure 3.6. The heatmap on the left illustrates the

percentage difference in log-likelihood scores for MPE, while the one on the right depicts the cor-

responding difference for MMAP. Labels for training the supervised method are obtained through

the procedure outlined in the previous section. Subsequently, training is executed using the mean

squared error (MSE) criterion. We adopt an identical neural network architecture as employed in

SSMP method, maintaining consistent training protocols across all aspects except for the training
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procedure and loss function. This facilitates a direct comparison of these methods, exclusively in

terms of their training processes and associated losses.

By observing the heatmaps, we can confirm that our method consistently surpasses the perfor-

mance of the supervised approach across all cases, except for one instance (specifically, for the

kdd dataset and query = 0.1 for MMAP), where both methods exhibit equivalent log-likelihood

scores. The supervised method closely aligns with our approach for smaller query sets across most

datasets. However, as the query variable count grows, the supervised method’s efficacy diminishes.

This trend is also pronounced when increasing the variable count within the datasets, leading to a

decrease in the supervised method’s performance, as depicted in the heatmap. This underscores

the need for a self-supervised approach that operates independently of true labels. Notably, the

training duration for supervised methods encompasses the time required to obtain the true labels,

whereas our method depends solely on a trained probabilistic classifier (PC).

3.3.8 Results on the CIFAR-10 Dataset

Table 3.4: Contingency tables comparing competing methods for MPE on CIFAR, MNIST and
EMNIST datasets. Highlighted values represent results for SSMP.

CIFAR MNIST EMNIST
Max SSMP ML Seq Max SSMP ML Seq Max SSMP ML Seq

Max 0 0 0 2 0 1 0 1 0 1 0 5
SSMP 9 0 9 9 9 0 9 9 7 0 7 7
ML 0 0 0 2 0 1 0 1 0 1 0 5
Seq 7 0 7 0 9 1 9 0 3 1 3 0

We binarized the CIFAR-10 dataset using a variational autoencoder having 512 bits. We then

learned a PC for each of the 10 classes; namely, we learned a PC conditioned on the class variable.

As mentioned earlier, we randomly set 70% of the variables as query variables. The contingency

table for CIFAR-10 is shown in Table 3.4. We observe that SSMP dominates all competing methods

while the Seq approximation is the second-best performing scheme (although note that Seq is

computationally expensive).
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3.3.9 Results on the MNIST and EMNIST Datasets

Finally, we evaluated SSMP on the image completion task using the Binarized MNIST (Salakhut-

dinov and Murray, 2008) and the EMNIST datasets (Cohen et al., 2017). As mentioned earlier, we

used the top 30% of the image as evidence and estimated the bottom 70% by solving the MPE task

over PCs using various competing methods. The contingency tables for the MNIST and EMNIST

datasets are shown in Table 3.4. We observe that on the MNIST dataset, SSMP is better than all

competing schemes on 9 out of the 10 PCs, while it is inferior to all on one of them. On the EM-

NIST dataset, SSMP is better than all competing schemes on 7 out of the 10 PCs and inferior to all

on one of the PCs.

Completing Images in MNIST and EMNIST

Qualitative image completions for MNIST and EMNIST datasets are presented in Figure 3.7 for

MNIST Digits {5, 6, 8, 9} and EMNIST characters {a, c, s, v} by SSMP and Max. Beginning

with the original image as the initial reference, followed by the Max method’s completion attempt,

and culminating in our novel SSMP method’s completion. Notably, SSMP demonstrates equal or

superior performance compared to the Max method. In particular, characters such as 8, 9, A, and S

display discrepancies in their Max-generated completions, where the lower segments fail to align

with their upper segment. In stark contrast, the proposed SSMP method offers a remarkable im-

provement in completion quality. It adeptly addresses the difficulties posed by limited available

evidence and generates reconstructions that are not only smoother but also exhibit remarkable co-

herence. This highlights SSMP method’s efficacy in real-world scenarios with limited information.

In summary, we find that, on average, our proposed method (SSMP) is better than other baseline

MPE/MMAP approximations in terms of log-likelihood score. Moreover, it is substantially better

than the baseline methods when the number of query variables is large. Also, once learned from

data, it is also significantly faster than competing schemes.
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(a) MNIST Digit 5 (b) MNIST Digit 6

(c) MNIST Digit 8 (d) MNIST Digit 9

(e) EMNIST Character A (f) EMNIST Character C

(g) EMNIST Character S (h) EMNIST Character V

Figure 3.7: Image Completions for MNIST and EMNIST datasets. First image: Original. Second
image: Max Completion. Third image: SSMP Completion. The gray line separates evidence
(above) from query (below).

3.4 Chapter Summary

In this chapter, we introduced a novel self-supervised learning algorithm for solving MMAP

queries in PCs. Our contributions comprise a neural network approximator and a self-supervised

loss function which leverages the tractability of PCs for achieving scalability. Notably, our method

employs minimal hyperparameters, requiring only one in the discrete case. We conducted a com-

prehensive empirical evaluation across various benchmarks; specifically, we experimented with 22
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binary datasets used in tractable probabilistic models community and three classic image datasets,

MNIST, EMNIST, and CIFAR-10. We compared our proposed neural approximator to polytime

baseline techniques and observed that it is superior to the baseline methods in terms of log-

likelihood scores and is significantly better in terms of computational efficiency. Additionally,

we evaluated how our approach performs when used as an initialization scheme in stochastic hill

climbing (local) search and found that it improves the quality of solutions output by anytime local

search schemes. Our empirical results clearly demonstrated the efficacy of our approach in both

accuracy and speed.
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CHAPTER 4

A NEURAL NETWORK APPROACH FOR EFFICIENTLY ANSWERING MOST

PROBABLE EXPLANATION QUERIES IN PROBABILISTIC MODELS

4.1 Introduction

Probabilistic representations such as Probabilistic Circuits (PCs) (Choi et al., 2020a), graphical

models (Koller and Friedman, 2009) such as Bayesian Networks (BNs) and Markov Networks

(MNs), and Neural Autoregressive Models (NAMs) (Larochelle and Murray, 2011) are widely

used to model large, multi-dimensional probability distributions. However, they face a signif-

icant challenge: as the complexity of these distributions increases, solving practically relevant

NP-hard inference tasks such as finding the Most Probable Explanation (MPE) via exact inference

techniques (Otten, 2012; Marinescu and Dechter, 2009a) becomes increasingly difficult and time-

consuming. In particular, although various exact and approximate solvers exist for the MPE task

in PCs, BNs and MNs, exact solvers are often too slow for practical use, and approximate solvers

tend to lack the necessary accuracy, particularly in autoregressive models that currently rely on

slow hill-climbing/beam search methods.

In recent work, Arya et al. (Arya et al., 2024b) proposed a method to overcome the limita-

tions of existing approximate methods by using neural networks (NNs) to solve the MPE task in

PCs.1 Their method draws inspiration from the learning to optimize literature (Li and Malik, 2017;

Fioretto et al., 2020; Donti et al., 2020; Zamzam and Baker, 2020; Park and Hentenryck, 2023).

Given a PC and a predefined partition of variables into query and evidence sets, the core idea is to

train a NN that takes an assignment to the evidence variables as input and outputs the most likely

assignment to the query variables w.r.t. the distribution defined by the PC. Arya et al. suggest

1Arya et al. (2024b) developed a NN-based method for solving the marginal maximum-a-posteriori (MMAP) task
in PCs. We focus on the MPE task, also sometimes referred to as the full MAP task, which is a special case of
MMAP. Our method can be easily extended for solving the MMAP problem in PCs and tractable graphical models.
For simplicity of exposition, we concentrate on the MPE task in this chapter.
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using either supervised or self-supervised learning techniques to train the NN; the former requires

access to exact inference schemes, while the latter does not and is therefore more practical.

In this chapter, we address a more general and complex version of the MPE task than the

one considered by Arya et al. Specifically, we assume that there is no predefined partition of the

variables into evidence and query sets, which we refer to as the any-MPE task. The complexity

of the any-MPE task arises from the exponential increase in the number of input configurations,

compounded by the exponential number of possible divisions of variables into evidence and query

sets. Furthermore, our method applies to a broad class of probabilistic models, including BNs,

MNs and NAMs, whereas Arya et al.’s method is limited to PCs. In addition, Arya et al.’s method

does not fully exploit the capabilities of self-supervision, and the benefits of combining supervised

and self-supervised loss functions.

In this chapter we presents a novel approach that uses a NN for solving the any-MPE task

in a broad class of probabilistic models (PMs) and achieves technical advancements in three key

aspects:

1. Efficient MPE Inference via Encoding Scheme and Loss Function: We introduce a

new encoding scheme that tailors the NN architecture to the specific structure of the input PM.

This scheme not only delineates the input and output nodes for the NN but also establishes a

methodology for setting input values and extracting the MPE solution from the NN’s outputs.

Furthermore, we propose a tractable, and differentiable self-supervised loss function, enabling

efficient training.

2. Inference Time Optimization with ITSELF: We introduce a novel inference technique

called Inference Time Self Supervised Training (ITSELF). This technique iteratively refines the

MPE solution during the inference process itself. It utilizes gradient descent (back-propagation)

to update the NN’s parameters using our proposed self-supervised loss, leading to continual (any-

time) improvement towards near-optimal solutions. ITSELF fully utilizes the power of our self-

supervised loss, as it does not require labeled data or an external MPE solver.
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3. Two-Phase Pre-training with Teacher-Student Architecture: To address challenges as-

sociated with self-supervised learning and ITSELF, we propose a two-phase pre-training strategy

that leverages a teacher-student architecture. Self-supervised learning can suffer from overfitting

and requires careful regularization. Additionally, ITSELF, especially with random initializations,

might necessitate a substantial number of gradient updates to converge on optimal solutions. Our

approach addresses these issues using the following methodology: (i) The teacher network first

overfits the training data using ITSELF and (ii) The student network is then trained using super-

vised loss functions (e.g., binary cross-entropy) by treating the teacher network’s output as pseudo-

labels. This supervised training phase improves and regularizes the parameter learning process of

the student network. It also provides a robust starting point for ITSELF, significantly reducing the

required optimization steps and leading to substantial performance gains.

Finally, we conduct a detailed experimental comparison of our method with existing approa-

ches on several types of PMs such as PCs, PGMs and NAMs. Our results demonstrate that our

method surpasses state-of-the-art approximate inference techniques in terms of both accuracy and

speed.

Motivation: The goal of this chapter is to develop a method that trains a NN for a given PM

and, at test time, serves as an approximate MPE solver for any-MPE query posed over the PM.

By any-MPE, we mean that the NN can take an assignment to an arbitrary subset of variables

(evidence) as input and output the most likely assignments to the remaining (query) variables.

Recently, Arya et al. (Arya et al., 2024b) proposed a NN-based solution for solving the MPE

task in PCs under the constraint that the partition of the variables into evidence and query sets is

known before training the NN. This constraint is highly restrictive because, for generative models,

it is unlikely that such a partition of variables is known in advance. In such cases, one would

typically train a discriminative model rather than a generative one. Unlike Arya et al.’s method,

our approach yields an any-MPE solver. Additionally, Arya et al.’s approach has several limitations

in that it does not fully exploit the benefits of self-supervision during inference time and requires
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the use of relatively large NNs to achieve good performance in practice. Our proposed approach,

described next, addresses these limitations.

4.2 A Self-Supervised Neural Approximator for any-MPE

In this section, we develop a neural network (NN) based approach for solving the any-MPE task.

Specifically, given a PM, we develop an input encoding (see Section 4.2.1) that determines the

number of input nodes of the NN and sets their values for the given MPE query. Additionally, we

develop an output encoding scheme that specifies the number of NN output nodes required for the

given PM and enables the recovery of the MPE solution from the outputs. For training the NN,

we introduce a tractable and differentiable self-supervised loss function (see Section 4.2.2), whose

global minima aligns with the MPE solutions to efficiently learn the parameters of the NN given

unlabeled data.

4.2.1 An Encoding For any-MPE Instances

Since NNs require fixed-sized inputs and outputs, we introduce input and output encodings that

generate fixed-length input and output vectors for each PM from a given MPE problem instance

MPE(Q, e). To encode the input, for each variable Xi ∈ X, we associate two input nodes in the NN,

denoted by X̂i and X̄i. Thus for a PM having n (namely, |X| = n) variables, the corresponding

NN has 2n input nodes. Given a query MPE(Q, e), we set the values of the input nodes as follows:

(1) If Xi ∈ E and Xi = 0 is in e, then we set X̂i = 0 and X̄i = 1; (2) If Xi ∈ E and Xi = 1 is

in e, then we set X̂i = 1 and X̄i = 0; and (3) If Xi ∈ Q then we set X̂i = 0 and X̄i = 0. (The

assignment X̂i = 1 and X̄i = 1 is not used.) It is easy to see that the input encoding described

above yields an injective mapping between the set of all possible MPE queries over the given PM

and the set {0, 1}2n. This means that each unique MPE query (Q, e) will yield a unique 0-1 input

vector of size 2n. We illustrate the input encoding in Figure 4.1a.
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(a) Input Encoding for any-partition Queries:
This diagram illustrates the input encoding scheme
for any-partition queries. The input consists of an
evidence set E, which includes evidence variables
and their corresponding values (e1, e2, . . . , eL).
Each evidence variable is encoded as two neural
network input nodes, resulting in an expanded fea-
ture set of size 2N : (1) X̂1, X̂2, . . . , X̂N : First node
for the evidence variables. (2) X̄1, X̄2, . . . , X̄N :
Second node for the evidence variables.

(b) Output Encoding for Any-Partition Queries:
The output encoding follows the same scheme as
in fixed-partition queries. The neural network pro-
duces continuous outputs (Ŷ1, Ŷ2, . . . , ŶN ), which
are used to generate two sets of outputs: (1) The
predicted continuous values for the query variables
(Q̂1, Q̂2, . . . , Q̂M ). (2) The reconstructed values
for the evidence variables (Ê1, Ê2, . . . , ÊL). Fi-
nally, the loss function is applied only to the query
variables, ensuring the model is trained for infer-
ence tasks.

Figure 4.1: Encoding Schemes for Any-Partition Queries. This figure provides the encoding mech-
anisms used for any-partition queries, highlighting the transformation of input evidence variables
into an extended encoding space and the processing of neural network outputs into query variable
values.

The output of the neural network comprises of n nodes with sigmoid activation, where each

output node is associated with a variable Xi ∈ X. We ignore the outputs corresponding to the evi-

dence variables and define a loss function over the outputs corresponding to the query variables in
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the set Q. Figure 4.1b depicts the output encoding for the any-partition task. The MPE solution can

be reconstructed from the output nodes of the NN by thresholding the output nodes corresponding

to the query variables appropriately (e.g., if the value of the output node is greater than 0.5, then

the query variable is assigned the value 1; otherwise it is assigned to 0).

4.2.2 A Self-Supervised Loss Function for any-MPE

Since the output nodes of our proposed NN use sigmoid activation, each output is continuous and

lies in the range [0, 1]. Given an MPE query MPE(Q, e), let qc ∈ [0, 1]|Q| denote the (continuous)

MPE assignment predicted by the NN. In MPE inference, given e, we want to find an assignment

q such that log pM(q, e) is maximized, namely, − log pM(q, e) is minimized. Thus, a natural loss

function that we can use is − log pM(q, e). Unfortunately, the NN outputs a continuous vector qc

and as a result pM(qc, e) is not defined.

Next, we describe how to solve the above problem by leveraging the following property of

the class of PMs that we consider in this dissertation—specifically BNs, MNs, PCs and NAMs.

In these PMs, the function ℓ(q, e) = − log pM(e,q), which is a function from {0, 1}n → R is

either a multi-linear polynomial or a neural network, and can be computed in linear time in the

size of the PM. To facilitate the use of continuous outputs, we define a loss function ℓc(qc, e) :

[0, 1]n → R such that ℓc coincides with ℓ on {0, 1}n. For PGMs and PCs, ℓ is a multi-linear

function and ℓc is obtained by substituting each occurrence of a discrete variable qi ∈ q with the

corresponding continuous variable qci ∈ qc where qci ∈ [0, 1]. In NAMs, ℓ is a NN and we can

perform a similar substitution—we substitute each binary input qi in the NN with a continuous

variable qci ∈ [0, 1]. This substitution transforms the discrete NN into a continuous function while

preserving its functional form.

An important property of ℓc is that it can be evaluated and differentiated in polynomial time.

Moreover, when ℓ is defined by either a neural network (in NAMs) or a multilinear function (in

BNs, MNs and PCs), the minimum value of ℓc over the domain [0, 1]n is less than or equal to the

minimum value of the original function ℓ over the discrete domain {0, 1}n. Formally,
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Proposition 4.2.1. Let l(q, e) : {0, 1}n → R be either a neural network or a multilinear function,

and let lc(qc, e) : [0, 1]n → R be its continuous extension obtained by substituting each binary

input qi with a continuous variable qci ∈ [0, 1]. Then,

min
qc∈[0,1]n

ℓc(qc, e) ≤ min
q∈{0,1}n

ℓ(q, e)

Following Arya et al. (Arya et al., 2024b), we propose to improve the quality of the loss

function by tightening the lower bound given in proposition 4.2.1 with an entropy-based penalty

(ℓE), governed by α > 0.

ℓE(q
c, α) = −α

|Q|∑
j=1

[
qcj log(q

c
j) + (1− qcj) log(1− qcj)

]
(4.1)

This penalty encourages discrete solutions by preferring qcj values close to 0 or 1, where α mod-

ulates the trade-off. Setting α to 0 yields the continuous approximation; conversely, an α value

of∞ results exclusively in discrete outcomes. From proposition 4.2.1 and by using the theory of

Lagrange multipliers, we can show that for any α > 0, the use of the entropy penalty yields a

tighter lower bound:

Proposition 4.2.2.

min
qc∈[0,1]n

ℓc(qc, e) ≤ min
qc∈[0,1]n

ℓc(qc, e) + ℓE(q
c, α) ≤ min

q∈{0,1}n
ℓ(q, e)

How to use the Loss Function: Given a PM defined over n variables, we can use the self-

supervised loss function ℓc(qc, e) + ℓE(q
c, α) (treating α as a hyper-parameter) to train any neural

network (NN) architecture that has 2n input nodes and n output nodes. This trained NN can then

be used to answer any arbitrary MPE query posed over the PM. The training data for the neural

network consists of assignments (evidence e) to a subset of the variables. Each training example

can be generated using the following three-step process. We first sample a full assignment x to

all variables in the PM using techniques like Gibbs sampling or perfect sampling for tractable

distributions such as PCs and BNs. Second, we choose an integer k uniformly at random from
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the range {1, . . . , n} and designate k randomly selected variables as evidence variables E, and the

remaining n−k as query variables Q. Finally, we project the full assignment x on E. The primary

advantage of using the self-supervised loss function is that it eliminates the need for access to a

dedicated MPE solver to provide supervision during training; gradient-based training of the neural

network provides the necessary supervision.

Test 
Dataset /
Example

NN 
(Random 

or pre-
trained)

No
Converged

Gradient 
Computation
and Update 

NN

Yes

Loss 
Computation

e

Figure 4.2: This figure illustrates the ITSELF procedure, which extends the training-time gradient-
based optimization strategy to inference. Given a test dataset or example, the neural network (NN)
is initialized either randomly or with a pre-trained model. During inference, the model undergoes
iterative gradient updates using the self-supervised loss function ℓc(qc, e) + ℓE(q

c, α). This opti-
mization continues until convergence, ensuring that the inferred Most Probable Explanation (MPE)
solution is refined over iterations.

4.2.3 Inference-Time Neural Optimization Using Self-Supervised Loss

At a high level, assuming that the NN is over-parameterized, if we use the self-supervised loss

and repeatedly run (stochastic) gradient updates over the NN for a given dataset, theoretical results

57



(Allen-Zhu et al., 2019; Du et al., 2019) as well as prior experimental work (Zhang et al., 2017;

Qin et al., 2024) suggest that the parameters of the NN will converge to a point near the global min-

imum of the self-supervised loss function. This means that through gradient updates, the network

will find a near-optimal MPE assignment for each training example. This strategy of performing

gradient updates over the NN can also be used during inference (test) time to iteratively improve

the MPE solution, thereby maximizing the benefits of self-supervision.

Specifically, at test time, given a test dataset (or example), we initialize the NN either randomly

or using a pre-trained model and then run gradient-based updates over the NN iteratively until

convergence. The gradient is computed w.r.t. the self-supervised loss function ℓc(qc, e)+ℓE(q
c, α).

We call the resulting algorithm ITSELF (Inference Time Optimization using SELF-Supervised

Loss), as detailed in Figure 4.2. The performance of ITSELF typically improves with each iteration

until the loss converges.

Our proposed method, ITSELF, is closely related to test-time training approaches which are

widely used to solve problems in deep learning (Sun et al., 2020; Liu et al., 2021; Zhu et al., 2021;

Wang et al., 2021; Alet et al., 2021; Darestani et al., 2022; Osowiechi et al., 2022; Liu et al., 2022;

Li et al., 2023; Hardt and Sun, 2024). Our method differs from these previous approaches in that

the global minima of our proposed self-supervised loss correspond to the MPE solutions, provided

that the penalty α is sufficiently large.

4.3 Supervised Knowledge Transfer from ITSELF

A drawback of our self-supervised loss function is that, unlike supervised loss functions such as bi-

nary cross entropy, it is a non-convex function of the NN outputs2. As a result, it has a significantly

larger number of local minima compared to the supervised loss function, but also a potentially ex-

ponential number of global minima, because an MPE problem can have multiple optimal solutions

2Note that we are referring to convexity with respect to the outputs, not the parameters of the NN.
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(Marinescu and Dechter, 2019), all of which have the same loss function value. Thus, optimizing

and regularizing using the self-supervised loss is difficult compared to a supervised loss, especially

when the number of training examples is large.

Moreover, our experiments show that large datasets necessitate large, over-parameterized neu-

ral networks (NNs) to achieve near-optimal MPE solutions for all examples. However, when the

training data is limited and the NN is sufficiently over-parameterized, our preliminary findings,

along with theoretical and empirical results from prior studies (Arora et al., 2019; Chizat and Bach,

2018; Jacot et al., 2018; Lee et al., 2020, 2019), suggest that the NN is more likely to approach

the global optima. Specifically, with a reasonably sized NN and a small dataset, the algorithm IT-

SELF tends to yield near-optimal MPE solutions. A further challenge with ITSELF is that even for

small datasets, achieving convergence from a random initialization requires numerous iterations of

gradient descent, rendering the training process inefficient and slow.

4.3.1 Teacher-Student Strategy

To address these challenges (using small datasets with ITSELF; designing better initialization for

it; and using non-convex loss functions for training), we propose a two-network teacher-student

strategy (Hinton et al., 2015; Romero et al., 2015; Zagoruyko and Komodakis, 2017; Yim et al.,

2017; Kim et al., 2018; Furlanello et al., 2018; Cho and Hariharan, 2019; Heo et al., 2019; Yang

et al., 2019; Mirzadeh et al., 2020), where we have two networks with the same structure that

are trained via mini-batch gradient updates. The teacher network is overfitted to the mini-batch

using our self-supervised loss via the ITSELF algorithm, and the student network is subsequently

trained with a supervised loss function such as binary cross entropy. By overfitting the teacher

network via ITSELF on the mini-batch, we ensure that it finds near-optimal MPE assignments for

all (unlabeled) examples in the mini-batch and eventually over the whole training dataset.

The student network then learns from the teacher’s outputs, using them as soft labels in a

supervised learning framework. This transfer of knowledge mitigates the optimization difficul-

ties associated with the non-convex self-supervised loss, allowing the student network to achieve
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Algorithm 1 GUided Iterative Dual LEarning with Self-supervised Teacher (GUIDE)
1: Input: Training data D, teacher T and student S having the same structure
2: Output: Trained student network S
3: ▷ Database DB stores the best MPE assignment and loss value for each example in D
4: Initialize: Randomly initialize T , S, and DB
5: for each epoch do
6: Sample a mini-batch D′ from D
7: Update the parameters of T using the algorithm ITSELF (self-supervised loss) with

Dataset D′

8: for each example ei in D′ do
9: Make a forward-pass over T to get an MPE assignment qi for ei

10: Update the entry in DB for ei with qi if it has a lower loss value than the current entry
11: end for
12: Update the parameters of S using the mini-batch D′ and labels from DB and a supervised

loss
13: T ← S ▷ Initialize T with S for the next epoch
14: end for

faster convergence and better generalization with a more manageable model size. Additionally,

this strategy reduces the need for severe over-parameterization and extensive training iterations

for the teacher network because it is operating on a smaller dataset. It also helps achieve better

initialization for ITSELF.

4.3.2 Training Procedure

Our proposed training procedure, which we call GUIDE , is detailed in Algorithm 1. The algorithm

trains a two-network system comprising a teacher network (T ) and a student network (S) with the

same structure. The goal is to train the student network using a combination of self-supervised

and supervised learning strategies. The algorithm takes as input the training dataD, along with the

teacher and student networks, T and S, respectively and outputs a trained network S. A database

(DB) is utilized to store the best MPE assignment and corresponding loss value for each example

in D. The parameters of T and S, and the entries in DB, are randomly initialized at the start.

In each epoch, a mini-batch D′ is sampled from the training data D. The parameters of the

teacher network T are then updated using the ITSELF algorithm (which uses a self-supervised
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loss), applied to the mini-batch D′ (the mini-batch helps address large data issues associated with

ITSELF). For each example ei in D′, we perform a forward-pass over T to obtain an MPE assign-

ment qi. The database DB is subsequently updated with qi if it has a lower loss value than the

current entry for ei.

Generate 
Mini-Batch

ITSELF
Training and 

Forward 
Pass

e

Train Student NetworkCopy

e

Figure 4.3: This figure illustrates a single training epoch of our proposed method, GUIDE , which
utilizes a two-network system comprising a teacher network (T ) and a student network (S), both
sharing the same architecture. Each epoch begins by sampling a mini-batch D′ from the training
data D. The teacher network T undergoes training using the ITSELF algorithm, optimizing its
parameters based on self-supervised loss. For each example ei in D′, T performs a forward pass
to generate an MPE assignment qi. The database DB is updated with qi if it achieves a lower
loss than the existing entry. The student network S is then trained using D′ and the stored labels
from DB, optimizing its parameters via a supervised loss function ℓsup(qs,q). At the end of the
epoch, the parameters of the teacher network T are reinitialized with those of S to prepare for the
next iteration. At inference time, the trained student network S can be directly used or serve as an
initialization for further ITSELF optimization.

Following this, the parameters of the student network S are updated using the mini-batch D′,

the labels from DB, and a supervised loss function (ℓsup) such as Binary Cross Entropy or L2 loss.
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Finally, the parameters of the teacher network T are reinitialized with the updated parameters of

the student network S to prepare for the next epoch (addressing the initialization issue associated

with ITSELF). Figure 4.3 illustrates a single training epoch of GUIDE.

Thus, at a high level, Algorithm 1 leverages the strengths of both self-supervised and super-

vised learning to improve training efficiency and reduce the model complexity, yielding a student

network S. Moreover, at test time, the student network can serve as an initialization for ITSELF.

4.4 Extending the Current Approach to Other Data Types and Inference Tasks

The current approach can be extended to support both multi-valued discrete and continuous vari-

ables, broadening its utility in diverse scenarios.

For multi-valued discrete variables, the method can be adapted by implementing a multi-class,

multi-output classification head. Each query variable is represented by a softmax output node,

which provides soft evidence by generating probabilistic distributions across multiple discrete val-

ues.

To incorporate continuous variables, we introduce a linear activation function in the output

layer. The loss function, specifically the multi-linear representation of the PM, is modified to ac-

commodate continuous neural network outputs. For example, in Probabilistic Circuits that use

Gaussian distributions, continuous values can be directly integrated into the loss function, facili-

tating gradient-based backpropagation.

These extensions primarily involve adjusting the network’s output layer and refining the self-

supervised loss function represented by the PM. Notably, other elements of our approach, including

the ITSELF and GUIDE procedures, remain unchanged.

Our approach further extends to additional inference tasks over probabilistic models, including

marginal MAP and constrained most probable explanation (CMPE) tasks. However, the scala-

bility of this approach depends on the computational efficiency of evaluating the loss function

for each inference task. When this evaluation becomes computationally infeasible, the proposed
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method—training a neural network to answer queries over probabilistic models—may itself be-

come infeasible. For example, performing marginal MAP inference over NAMs and PGMs re-

quires repeated evaluations of the loss function associated with the marginal MAP task and its

gradient during training. This iterative process, essential for updating the neural network’s pa-

rameters, can become prohibitively resource-intensive due to the high computational demands of

evaluating the marginal MAP loss over these probabilistic models.

4.5 Experiments

This section evaluates the ITSELF method (see Section 4.2.3), the GUIDE teacher-student train-

ing method (see Section 4.3) and the method that uses only self-supervised training, which we call

SSMP (see Section 4.2.2 and Chapter 3). We benchmark these against various baselines, including

neural network-based and traditional polynomial-time algorithms that directly operate on the prob-

abilistic model. We begin by detailing our experimental framework, including competing methods,

evaluation metrics, neural network architectures, and datasets.

4.5.1 Datasets and Graphical Models

We used twenty binary datasets extensively used in tractable probabilistic models literature (Lowd

and Davis, 2010; Haaren and Davis, 2012a; Larochelle and Murray, 2011; Bekker et al., 2015)—re-

ferred to as TPM datasets—for evaluating PCs and NAMs. For the purpose of evaluating PGMs,

we utilized high treewidth models from previous UAI inference competitions (Elidan and Glober-

son, 2010).

Table 4.1 summarizes the datasets and the probabilistic circuits trained on them. We use the

same datasets for both PCs and NAMs. The selection includes both smaller datasets, such as

NLTCS and MSNBC, and larger datasets with over 1000 variables.
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For Markov networks, we utilize high treewidth grid networks, specifically grid40x40.f2.wrap,

grid40x40.f5.wrap, grid40x40.f10.wrap, and grid40x40.f15.wrap. Each model contains 4800 vari-

ables and 1600 factors.

Table 4.1: Summary of datasets used with their respective numbers of variables and nodes in
probabilistic circuits.

Dataset Number of Variables Number of Nodes in PC
NLTCS 16 125
MSNBC 17 46

KDDCup2k 64 274
Plants 69 3737
Audio 100 348
Jester 100 274

Netflix 100 400
Accidents 111 1178

Mushrooms 112 902
Connect 4 126 2128

Retail 135 359
RCV-1 150 519
DNA 180 1855
Book 500 1628

WebKB 839 3154
Reuters-52 889 7348

20 NewsGroup 910 2467
Movie reviews 1001 2567

BBC 1058 3399
Ad 1556 9666

To train Sum Product Networks (SPNs) (Poon and Domingos, 2011), our choice of PCs, we

employed the DeeProb-kit library (Loconte and Gala, 2022), with SPN sizes ranging from 46 to

9666 nodes. For NAMs, we trained Masked Autoencoder for Distribution Estimation (MADE)

models using PyTorch, following the approach in Germain et al. (2015). For Markov Networks

(MNs), a specific type of PGM, we applied Gibbs sampling to generate 8,000, 1,000, and 1,000

samples for the training, testing, and validation sets, respectively. The query ratio (qr), defined

as the fraction of variables in the query set, was varied across {0.1, 0.3, 0.5, 0.7, 0.8, 0.9} for each

probabilistic model (PM).
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4.5.2 Baseline Methods and Evaluation Criteria

PCs - We used three polynomial-time baseline methods from the probabilistic circuits and proba-

bilistic graphical models literature as benchmarks (Park and Darwiche, 2004; Poon and Domingos,

2011).

• MAX Approximation (MAX) (Poon and Domingos, 2011) transforms sum nodes into max

nodes. During the upward pass, max nodes output the highest weighted value from their children.

The downward pass, starting from the root, selects the child with the highest value at each max

node and includes all children of product nodes.

• Maximum Likelihood Approximation (ML) (Park and Darwiche, 2004) computes the marg-

inal distribution pM(Qi|e) for each variable Qi ∈ Q, setting Qi to its most likely value.

• Sequential Approximation (Seq) (Park and Darwiche, 2004) iteratively assigns query variables

according to an order o. At each step j, it selects the j-th query variable Qj in o and assigns to it

a value qj such that pM(qj|e,y) is maximized, where y is an assignment of values to all query

variables from 1 to j − 1.

We further evaluated the impact of initializing stochastic hill climbing searches using solutions

from all baseline approaches and our proposed methods for MPE inference, conducting 60-second

searches for each MPE problem in our experiments, as detailed in Park and Darwiche (2004).

NAMs - As a baseline, we used the stochastic hill-climbing search (HC) algorithm. Following

a procedure similar to that used for PCs, we conducted a 60-second hill-climbing search for each

test example, with query variables initialized randomly and setting evidence variables according to

the values in the given example.

PGMs - We employed the AOBB method (Otten and Dechter, 2012) as a baseline, using the

implementation outlined in Otten (2012). Since AOBB is an anytime algorithm, we set a 60-second

time limit for inference per test example.

Neural Baselines - Arya et al. (2024b) introduced Self-Supervised learning based MMAP

solver for PCs (SSMP), training a neural network to handle queries on a fixed variable partition
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within PCs. We extend this approach to address the any-MPE task in PMs (see Section 4.2.2),

using a single network to answer any-MPE queries as an additional neural baseline.

Evaluation Criteria - We evaluated competing approaches based on log-likelihood (LL) scores

calculated as ln pM(e,q), and inference times for given evidence e and query output q. Higher

log-likelihood scores indicate better performance, while shorter inference times are preferable.

4.5.3 Neural Network-Based Approaches

We implemented two neural network training protocols for each PM and query ratio: SSMP and

GUIDE . Each model was trained for 20 epochs following the training procedure outlined by Arya

et al. (2024b) for SSMP. Both protocols employed two distinct inference strategies, thus form-

ing four neural-based variants. In the first strategy, we performed a single forward pass through

the network to estimate the values of query variable, as specified by Arya et al. (2024b). The

second strategy utilized our novel test-time optimization-based ITSELF approach for inference.

The ITSELF optimization terminates after 100 iterations or upon loss convergence for both PCs

and PGMs. For NAMs, we increase the limit to 1,000 iterations while keeping the convergence

criterion.

We standardized network architectures for PMs across all experiments. For PCs, we used fully

connected Neural Networks (NN) with three hidden layers (128, 256, 512 nodes). For NAMs and

PGMs, a single hidden layer of 512 nodes was employed. All hidden layers featured ReLU acti-

vation, while the output layers used sigmoid functions with dropout for regularization (Srivastava

et al., 2014). We optimized all models using Adam (Kingma and Ba, 2015) and implemented them

in PyTorch (Paszke et al., 2019) on an NVIDIA A40 GPU.

For neural network-based solvers, the mini-batch size was set to 512 samples, and a learning

rate decay strategy, reducing the rate by 0.9 upon loss plateauing, was implemented to improve

training efficiency. Optimal hyperparameters were identified via extensive 5-fold cross-validation.
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Figure 4.4: MPE method comparison across PMs. Blue shows row superiority, red shows column
superiority; darker shades indicate larger values.

In discrete loss scenarios, the hyperparameter α played a pivotal role. We systematically ex-

plored the optimal α value across the range {0.001, 0.01, 0.1, 1, 10, 100, 1000} for neural-based

models, including ITSELF and GUIDE . Notably, higher α values better constrain outputs to

binary, thereby facilitating near-optimal results.
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Results for PCs: We compare methods—including three polynomial-time baselines, neural

network-based SSMP, and our ITSELF and GUIDE methods—on 20 TPM datasets as shown in

the contingency table in Figure 4.4a. We generated 120 test datasets for the MPE task using 20

PCs across 6 query ratios (qr). Each cell (i, j) in the table represents how often (out of 120) the

method in row i outperformed the method in column j based on average log-likelihood scores.

Any difference between 120 and the combined frequencies of cells (i, j) and (j, i) indicates cases

where the compared methods achieved similar scores. We present similar contingency tables for

Hill Climbing Search over PCs (Figure 4.4b), NAMs (Figure 4.4c), and PGMs (Figure 4.4d) to

benchmark the proposed methods against the baselines.

The contingency table for PC (Figure 4.4a) shows that methods incorporating ITSELF consis-

tently outperform both polynomial-time and traditional neural baselines, as indicated by the dark

blue cells in the corresponding rows. Notably, GUIDE + ITSELF is superior to all the other meth-

ods in almost two-thirds of the 120 cases, while SSMP + ITSELF is better than both SSMP and

GUIDE . In contrast, the polynomial-time baseline MAX is better than both SSMP and GUIDE
(as used in Arya et al. (2024b)), highlighting ITSELF’s significant role in boosting model perfor-

mance for the complex any-MPE task.

We compare MAX and GUIDE + ITSELF using a heatmap in Figure 4.5a. The y-axis presents

datasets by variable count and the x-axis represents query ratio. Each cell displays the percent-

age difference in mean LL scores between the methods, calculated as %Diff. = 100 × (llnn −
llmax)/|llmax|. The heatmap shows that GUIDE + ITSELF achieves performance comparable to

MAX for small query sets. As the problem complexity increases with an increase in query set

size, our method consistently outperforms MAX across all datasets, except for NLTCS and Tretail,

as highlighted by the green cells. In the 12 cases where GUIDE + ITSELF underperforms, the

performance gap remains minimal, as indicated by the limited number of red cells in the heatmap.

Figure 4.4b further analyzes the performance of our proposed methods against various base-

lines as initialization strategies for Hill Climbing Search. This comparison evaluates the effective-

ness of ITSELF and GUIDE in enhancing anytime methods compared to conventional heuristic
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(a) PC: GUIDE + ITSELF vs. MAX
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(b) NAM: GUIDE + ITSELF vs. HC

Figure 4.5: Heatmaps showing LL % Differences. Left: PC; Right: NAM. Green cells: our method
is better. Darker shades indicate larger values.

initialization approaches. Notably, methods incorporating ITSELF provide superior initialization

for local search-based algorithms.
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Results for NAMs: The contingency table in Figure 4.4c presents our evaluation of several

methods for NAMs, including HC and two neural network approaches, SSMP and GUIDE , each

tested with two inference schemes. We evaluated these methods on 20 TPM datasets, creating 80

test sets for the MPE task using 20 MADEs across four query ratios (qr).

The GUIDE + ITSELF approach demonstrates superior performance compared to both base-

line methods and other neural inference schemes, aligning with observations from PC. While HC

outperforms SSMP, both GUIDE and the combination of SSMP-based training with ITSELF-

based inference surpass HC, highlighting their advantages over the baseline.

The heatmaps in Figure 4.5b further highlight the superior performance of GUIDE + ITSELF

for NAMs, particularly in larger datasets where it outperforms the HC baseline by over 50% in

most cases, as indicated by the dark green cells. The combination of GUIDE-based learning with

ITSELF-based inference consistently outperforms the baseline across most datasets, with excep-

tions only in the Mushrooms, Connect 4, and Retail. Overall, the GUIDE + ITSELF approach

significantly enhances the quality of the MPE solutions in NAM models.

Results for PGMs: The contingency table in 4.4d compares the performance of AOBB and

four neural-network-based methods on PGMs across four high-treewidth networks. For this eval-

uation, we generated 16 test datasets for the MPE task using four PGMs across four query ratios

(qr).

Consistent with results from previous PMs, methods using ITSELF for inference consistently

outperform the baseline methods AOBB and SSMP across most scenarios. Both GUIDE and

SSMP outperform AOBB in at least 50 percent of the tests. Later, we also presents comparisons

against exact solutions, conducted on less complex probabilistic models where ground truth com-

putation remains tractable.

Does the teacher-student-based network outperform a single network trained with the

self-supervised loss? (GUIDE vs. SSMP):

This analysis aims to evaluate the performance of GUIDE against traditional neural network

training methods used in SSMP across different PMs and inference schemes. Using traditional
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inference scheme (i.e., one forward pass through the network), GUIDE consistently outperforms

SSMP, demonstrating its superiority in 60% of scenarios for PCs, more than 80% for NAM models,

and 75% for PGM models. When employing ITSELF-based inference, GUIDE maintains this

advantage, achieving higher quality solutions in more than 75%, 85%, and 80% of cases for PCs,

NAMs, and PGMs, respectively. Therefore, models trained using GUIDE are consistently superior

to those trained with SSMP for the any-MPE task.

Does inference time optimization improve performance? (One-Pass vs. Multi-Pass):

In this analysis, we compare the performance of the single-pass inference method to that of the

proposed multi-pass inference method (ITSELF). ITSELF combined with SSMP training outper-

forms the other methods in over 85% cases for PC, and more than 75% for NAM and PGM models.

When used on models trained with GUIDE , ITSELF demonstrates even better results, achieving

superior performance in nearly 90% of PC cases and 75% for both NAMs and PGMs. Overall,

GUIDE with ITSELF inference emerges as the most effective method across all experiments. Em-

pirical evidence consistently demonstrates ITSELF’s superiority over single-pass inference across

PMs.

4.6 Inference Time Comparison

We present the inference times for all baselines and proposed methods in Figures 4.6 to 4.8. Figure

4.6 details the inference times for MADE, while Figures 4.7 and 4.8 respectively illustrate the times

for PCs and PGMs. This comparison facilitates a direct evaluation of the computational efficiency

across different models.

Each cell displays the natural logarithm of the time, measured in microseconds, for each

method and dataset. Lighter colors indicate lower values. Notably, inferences using SSMP and

GUIDE require the shortest time, as these methods necessitate only a single forward pass through

the neural network to obtain the values for the query variables.
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Figure 4.6: Heatmap depicting the inference time for MADE on a logarithmic microsecond scale,
where a lighter color denotes shorter (more favorable) durations.

For MADE, the subsequent fastest method employs a model trained with GUIDE and conducts

inference using ITSELF, outperforming the approach that uses SSMP for training. This advantage

stems from the reduced number of ITSELF iterations required by GUIDE , benefiting from a more

effectively trained model. In PGMs, a similar pattern emerges with GUIDE + ITSELF as the next

fastest method, followed by SSMP + ITSELF. For PCs, MAX ranks as the next fastest, closely

followed by the GUIDE + ITSELF and SSMP + ITSELF methods. Finally, the ML and Seq

methods display the highest inference times.

Thus, if you require a highly efficient method capable of performing inference in a fraction of a

millisecond, GUIDE is the optimal choice. It outperforms the baseline for both MADE and PGMs.
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Figure 4.7: Heatmap depicting the inference time for PC on a logarithmic microsecond scale,
where a lighter color denotes shorter (more favorable) durations.

However, if higher log-likelihood scores are necessary, GUIDE + ITSELF would be suitable, as it

generally surpasses the baselines in speed and performance across various scenarios.

4.7 Gap Analysis For PGM

Table 4.2 presents the log-likelihood score gap between the neural network methods (SSMP,

GUIDE , SSMP + ITSELF, GUIDE + ITSELF) and exact solutions. These exact solutions are

obtained using AOBB, which provides near-optimal results for smaller datasets. For each ap-

proach M, the gap is calculated as the relative difference between the score of the near-optimal
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Figure 4.8: Heatmap depicting the inference time for PGM on a logarithmic microsecond scale,
where a lighter color denotes shorter (more favorable) durations.

solution (determined by AOBB) and the score achieved by M. This approach is feasible due to the

use of small datasets, allowing identification of exact solutions.

The final column highlights the neural-based approach achieving the best performance for each

dataset and query ratio combination. Notably, GUIDE and ITSELF consistently surpass other

neural baselines across almost all dataset-query pairs. This analysis provides a comprehensive

assessment of the proposed methods relative to exact solutions on small datasets, enabling a direct

comparison of their effectiveness.

Summary: Our experiments demonstrate that GUIDE + ITSELF outperforms both polyno-

mial-time and neural-based baselines across various PMs, as evidenced by higher log-likelihood

scores. Notably, ITSELF demonstrates significant advantages over traditional single-pass infer-

ence in addressing the complex any-MPE query task within probabilistic models, emphasizing

the importance of Inference Time Optimization. Furthermore, the superior performance of models
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Table 4.2: Gap Between AOBB And Other Methods.

Method Query Ratio SSMP GUIDE SSMP + ITSELF GUIDE + ITSELF Best Method
Grids-17 0.900 0.082 0.060 0.069 0.075 GUIDE
Grids-17 0.800 0.051 0.038 0.040 0.035 GUIDE + ITSELF
Grids-17 0.700 0.042 0.030 0.034 0.016 GUIDE + ITSELF
Grids-17 0.500 0.026 0.024 0.024 0.007 GUIDE + ITSELF
Grids-18 0.900 0.081 0.062 0.071 0.102 GUIDE
Grids-18 0.700 0.033 0.027 0.024 0.015 GUIDE + ITSELF
Grids-18 0.500 0.020 0.018 0.018 0.006 GUIDE + ITSELF
Grids-18 0.800 0.054 0.035 0.045 0.037 GUIDE
Segmentation-14 0.500 0.032 0.032 0.032 0.004 GUIDE + ITSELF
Segmentation-14 0.900 0.045 0.014 0.014 0.005 GUIDE + ITSELF
Segmentation-14 0.800 0.051 0.024 0.024 0.006 GUIDE + ITSELF
Segmentation-14 0.700 0.029 0.029 0.029 0.005 GUIDE + ITSELF
Segmentation-15 0.800 0.046 0.002 0.002 0.002 GUIDE + ITSELF
Segmentation-15 0.500 0.003 0.003 0.003 0.000 GUIDE + ITSELF
Segmentation-15 0.900 0.675 0.255 0.433 0.305 GUIDE
Segmentation-15 0.700 0.003 0.003 0.003 0.002 GUIDE + ITSELF

trained with GUIDE compared to SSMP highlights the effectiveness of the dual network approach,

which improves initial model quality and establishes an optimal starting point for ITSELF.

4.8 Chapter Summary

In this chapter, we introduced novel methods for answering arbitrary Most Probable Explanation

(MPE) queries in probabilistic models. Our approach employs self-supervised loss functions to

represent MPE objectives, enabling tractable loss and gradient computations during neural net-

work training. We also proposed a new inference time optimization technique, ITSELF, which

iteratively improves the solution to the MPE problem via gradient updates. Additionally, we in-

troduced a dual-network-based strategy that combines supervised and unsupervised training which

we call GUIDE to provide better initialization for ITSELF and addressing various challenges as-

sociated with self-supervised training. Our method was tested on various benchmarks, including

probabilistic circuits, neural autoregressive models, and probabilistic graphical models, using 20

binary datasets and high tree-width networks. It outperformed polytime baselines and other neural

methods, substantially in some cases. Additionally, it improved the effectiveness of stochastic hill

climbing (local) search strategies.
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CHAPTER 5

SINE: SCALABLE MPE INFERENCE FOR PGMS

USING ADVANCED NEURAL EMBEDDINGS

5.1 Introduction

Probabilistic graphical models (PGMs) (Koller and Friedman, 2009), including Bayesian Networks

(BNs) and Markov Networks (MNs), are widely used to model large, multi-dimensional probability

distributions. However, as the complexity of these distributions grows, solving NP-hard inference

tasks—such as determining the MPE through exact inference (Otten, 2012; Otten and Dechter,

2012)—becomes computationally infeasible, which limits the scalability of these models in an-

swering complex probabilistic queries. Although several approximate solvers have been developed

for the MPE task, they often fail to achieve the accuracy required for real-world applications.

Recent advancements in neural network-based approximate solvers have addressed limitations

in existing methods for inference in PGMs. Arya et al. (2024c) introduced a novel technique that

combines inference-time optimization with a self-supervised teacher-student framework to answer

MPE queries across various probabilistic models. This technique builds on the earlier work of

Arya et al. (2024b), which targeted both MPE and MMAP queries in probabilistic circuits (Choi

et al., 2020a). By employing a self-supervised loss function, these methods eliminate the need for

exact solutions during training. Drawing on the literature of learning to optimize (Li and Malik,

2017; Fioretto et al., 2020; Donti et al., 2020; Zamzam and Baker, 2020; Park and Hentenryck,

2023), they leverage neural models to enable efficient probabilistic reasoning. Furthermore, these

neural-based MPE solvers provide two key advantages: they deliver superior solution quality while

reducing inference time compared to traditional solvers.

In this chapter, we focus on advancing two key aspects of neural network-based models for

answering MPE queries over PGMs: improving the quality of input embeddings for inference tasks

and developing improved methods for discretization of the neural network’s continuous outputs to

76



obtain MPE solutions. Existing approaches typically rely on encoding schemes that focus solely

on the probabilistic query, failing to fully exploit the rich information embedded in the PGM.

Moreover, these methods often use thresholding for discretization, which only considers the nearest

binary solution and may fail to identify the optimal MPE due to the non-linearity of the self-

supervised loss function. As a result, these techniques are limited to solving simpler problems

where the model learns to answer a single predefined query (Arya et al., 2024b), or they necessitate

test-time optimization to achieve near-optimal solutions for arbitrary queries (Arya et al., 2024c).

In contrast, our approach handles arbitrary queries without requiring test-time optimization by

embedding both the structure and parameters of PGMs into a hypergraph representation (Dechter,

2019). We employ neural message-passing algorithms within an attention-based Hypergraph Neu-

ral Network (HGNN) (Bai et al., 2019) to efficiently propagate information across the hypergraph.

For initializing the HGNN embeddings, we utilize evidence-instantiated factors and initial evi-

dence values, along with partition sets. This process produces more informative representations of

the PGM, eliminating the need for additional methods to achieve near-optimal solutions.

To enhance the quality of MPE solutions, we further introduce novel discretization techniques

to derive MPE solutions from continuous neural network outputs. The first method utilizes the

neural network’s outputs to identify variables with uncertain predictions. By augmenting the ev-

idence with confidently predicted variables, the problem is simplified to a query that an oracle

can efficiently solve. While neural networks excel at processing large queries quickly, they may

exhibit inaccuracies due to the complexity of the loss function. In contrast, oracles—MPE solvers

like those in Otten and Dechter (2012)—provide highly accurate solutions for smaller problems,

though with slower performance on larger queries. By combining the strengths of both, this ap-

proach balances efficiency and accuracy in solving MPE queries.

The second method enhances solution quality by systematically exploring the neighborhood

of binary solutions around the neural network’s continuous output. Unlike thresholding, which

evaluates only a single solution, this approach examines multiple nearby binary configurations.
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By leveraging the neural network’s predictions as a starting point and examining various nearby

configurations, this method effectively navigates the solution space to yield superior solutions com-

pared to the thresholding approach. It also reduces the number of hyper-parameters by removing

the need to choose a specific threshold value, which can be arbitrary and may not generalize well

across different datasets or problems.

We conducted an extensive empirical evaluation, comparing our proposed method against sev-

eral non-neural and neural approaches. Our experiments, performed on a diverse set of benchmark

models, demonstrate that neural networks trained on our HGNN embeddings and utilizing ad-

vanced discretization techniques significantly outperform existing models in both efficiency and

accuracy.

Motivation: A key limitation of the approach presented by Arya et al. (2024b) is its reliance

on a pre-defined partition of variables into query and evidence subsets. To address this, the authors

later introduced the any-MPE task (see Arya et al. (2024c)). In this task, given a probabilistic

graphical model (PGM), the neural network takes an assignment to an arbitrary subset of variables

(evidence) as input and outputs the most likely assignments for the remaining (query) variables.

They also proposed a neural network-based approach for solving the any-MPE task. The goal of

this chapter is to address and resolve two main limitations of their approach.

First, Arya et al.’s approach relies exclusively on the query embedding (evidence values and

the subsets of query and evidence variables), without leveraging the structure or parameters of the

PGM. As a result, their method requires test-time optimization, with much of its performance gains

attributed to this process. Second, their method uses a thresholding procedure to derive discrete

solutions from the continuous outputs of the neural network. This process does not account for the

network’s confidence or ensure that the thresholded solution is the optimal discrete solution near

the continuous value. Given the non-linearity of the loss function, the best solution might exist

near the continuous output.
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In the following sections, we introduce a novel technique that generates more informative em-

beddings of the MPE-input by incorporating with the query both the structure and parameters of

the given PGM as well as a more reliable path to discrete optimal solutions.

5.2 An Advanced Encoding for any-MPE Queries in PGMs

In this section, we introduce an embedding based on a hypergraph representation to address the

any-MPE task. Given a PGM and evidence—defined as an assignment of values to an arbitrary

subset of variables—our goal is to construct an information-rich input encoding that captures the

structure and parameters of the PGM and characterizes the subsets of variables representing both

the query and evidence, along with the corresponding assignment to the evidence variables. This

enriched encoding enhances generalization, reducing the reliance on expensive test-time optimiza-

tion. Additionally, we propose an output encoding that aligns the neural network’s output layer

with the given PGM, enabling efficient recovery of the MPE solution from the network’s predic-

tions.

5.2.1 Integrating PGM Parameters Into the Encodings

Given an assignment to the evidence variables, a straightforward approach to utilize the parameters

of the PGM into the input encoding is to instantiate the evidence in each factor/clique of the PGM

and then concatenate the resulting instantiated factors. More formally, we apply the following

transformation to each clique ϕk and each observed variable E = e:

ϕk(Xk) =


0, if xk

E ̸= e

ϕk(Xk), if xk
E = e

A key property of the resulting encoding, which is an injective mapping, is that it maintains a

consistent length across all possible evidence assignments, making the length independent of the
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any-MPE query. This consistency is beneficial because the neural network requires inputs of uni-

form size. However, this approach has two significant limitations: it fails to incorporate structural

information from the PGM, as the concatenation order is arbitrary, and it does not facilitate mes-

sage passing between cliques. To address these issues, we aim to enhance the expressiveness of

these embeddings to achieve a more informative representation.

5.2.2 Hypergraph Based Encoding
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(a) Graph-based representation. Nodes represent
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(b) Hypergraph-based representation. Hyperedges
(colored regions) represent cliques in the PGM.

Figure 5.1: Comparison of PGM structure representations: (a) graph, and (b) hypergraph.

PGMs can be effectively represented using both hypergraphs (Dechter, 2019) and graphs, with

a one-to-one correspondence between the nodes in these structures. Each factor in the PGM corre-

sponds to a clique in the graph, which maps to a hyperedge in the hypergraph. Figure 5.1 provides

an example of these two representations for a PGM with 9 nodes, comprising 2 cliques of size 4,

1 clique of size 3, and 2 pairwise cliques. Each clique represents a factor involving the associated

variables in the PGM.
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Building on this representation, we explore how a hypergraph framework enables the genera-

tion of richer embeddings for any-MPE queries. Utilizing Hypergraph Neural Networks (HGNNs)

(Feng et al., 2019), we aggregate embeddings within the hypergraph, enhancing the expressive-

ness of the resulting representation. Notably, hypergraph-based neural networks exhibit superior

performance in capturing complex, higher-order relationships compared to traditional graph-based

neural models (Feng et al., 2019; Cai et al., 2022; Chen and Schwaller, 2024).

To utilize HGNNs, three key components are required: (1) A node feature matrix that represents

each node’s feature vector. (2) A sparse incidence matrix that encodes the connectivity between

nodes and hyperedges through the hyperedge indices, (3) Hyperedge feature matrices that allow

the model to incorporate edge-specific information.

The incidence matrix is derived directly from the PGM’s clique structure. For hyperedge fea-

tures, we use the embeddings introduced in Section 5.2.1. Instead of concatenating embeddings

from all cliques to form a single representation, we keep them separate, enabling each embedding

to serve as the hyperedge attribute for its corresponding clique. Node attributes consist of two

values: the first represents the node’s value (assigned as the observed value for evidence variables

or set to -1 for query variables), while the second indicates whether the node belongs to the query

subset (true if it does, false otherwise).

To meet the uniform embedding size requirements of HGNNs, we pad the embeddings with

zeros. However, when clique sizes vary significantly, this results in a substantial number of zeros

in the embeddings. To mitigate this issue, we reparameterize the PGM so that all cliques have

a uniform size. This is accomplished by first grouping variables into clusters of a fixed size,

initializing each cluster potential to 1, and then multiplying each factor from the PGM with a cluster

potential that includes all variables involved in that factor. This reparameterization preserves the

joint distribution of the PGM while ensuring uniform clique sizes.

We then apply the hypergraph attention operator (Bai et al., 2019) to aggregate these embed-

dings. The attention layers process and combine information, producing aggregated node embed-
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dings that serve as the final representation. This approach captures a rich representation incorpo-

rating (1) the PGM’s structure, (2) its parameters, and (3) the details of the specific query. By

accumulating information from neighboring nodes and cliques, it results in more expressive node

embeddings. Additionally, this method ensures an injective mapping from any-MPE query to its

corresponding embedding, preserving the uniqueness of each query’s representation.

5.2.3 Neural Network Training

Given a PGM defined over n variables, we use the encodings from either Section 5.2.1 or Section

5.2.2 as inputs to a neural network. For the HGNN-based encoding, we concatenate all node

embeddings to form a final representation. The network outputs n nodes using sigmoid activation,

where each output node corresponds to a variable Xi ∈ X. Outputs associated with evidence

variables are excluded, and the self-supervised loss function is defined over the outputs for the

query variables in Q. The MPE solution is reconstructed by converting the continuous output

values in [0, 1] to binary values in {0, 1}.

We generate the training data following the process described by Arya et al. (2024c). The

neural network, along with the encoder parameters (if applicable), is trained using a tractable and

differentiable self-supervised loss function (see Section 4.2.2), which allows efficient parameter

learning from unlabeled data. Once trained, the model can answer arbitrary MPE queries over the

PGM.

5.3 Efficient Discretization Techniques for Better MPE Solutions

Both theoretical analyses and empirical evidence (Chizat and Bach, 2018; Allen-Zhu et al., 2019;

Du et al., 2019; Zhang et al., 2017; Qin et al., 2024; Arora et al., 2019; Jacot et al., 2018; Lee et al.,

2020) suggest that over-parameterized networks with non-convex loss functions (such as the one

described in Section 4.2.2) typically converge near the global minimum after repeated gradient
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updates. Given that the true discrete and continuous losses coincide at {0, 1}n, a near-optimal

discrete solution is likely to be located near the continuous outputs.

The outputs of the neural networks are continuous, requiring conversion to discrete values to

obtain MPE solutions. Recent methods (Arya et al., 2024b,c) use thresholding for this purpose.

However, even when the neural network converges near the global minimum, this approach can

miss the optimal solution due to the non-linearity of the loss function. Furthermore, it discards

valuable information from the continuous outputs by only considering the nearest discrete solution,

often leading to suboptimal results, especially for non-linear loss functions.

To address these limitations, we present two novel discretization techniques that provide su-

perior solutions. Unlike thresholding, these methods go beyond selecting a single nearest discrete

point by leveraging the output probabilities to assess multiple candidate solutions or employing an

oracle for uncertain variables. These approaches effectively leverage the rich information within

the continuous output distribution, leading to more accurate MPE solutions.

5.3.1 Oracle-Assisted Uncertainty-Aware Inference

The first proposed method, Oracle-Assisted Uncertainty-Aware Inference (OAUAI), uses an Or-

acle to reduce the likelihood of generation of incorrect MPE solutions by specifically addressing

variables where the neural network exhibits low confidence. We first take the continuous output

of the neural network and compute confidence scores for each query variable as csi = |qc
i − 0.5|.

These scores allow us to divide the query variables into two subsets: (1) confident variables (high

csi) and (2) uncertain variables (low csi).

While confident variables are directly thresholded to produce binary outputs, uncertain vari-

ables are handled differently to avoid relying on potentially inaccurate network predictions. For

these variables, an MPE Oracle is queried to determine values that optimize the MPE objective.

Similar to the classic cutset conditioning method (Pearl and Dechter, 1990), the Oracle processes

a modified query where the confident variables serve as additional evidence, thereby reducing the
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number of variables involved in the query set. The final MPE solution is then constructed by merg-

ing Oracle’s output for the uncertain variables with the binary outputs of the confident variables.

This method provides two key advantages: (1) It enhances solution quality by deferring the

handling of low-confidence variables to the Oracle. (2) Limiting the Oracle’s queries to uncertain

variables reduces the query set size, which increases the Oracle’s efficiency and decreases the

overall computational complexity.

5.3.2 Fast Heuristic Search for Closest Binary Solutions

The second discretization method, referred to as Fast Heuristic Search for Closest Binary Solutions

(k-Nearest), aims to identify multiple discrete candidates near the neural network’s continuous out-

put and select the optimal solution. Given that exhaustively scoring all 2|q| possible discrete solu-

tions is computationally prohibitive, we employ a heuristic search algorithm to efficiently select the

k-nearest discrete solutions. This approach balances solution quality and computational feasibility,

enabling the identification of high-quality discrete outputs without exhaustive enumeration.

First, we define a distance measure between the continuous output qc and a binary vector b of

size N as:

D(qc,b) =
N∑
i=1

|qci − bi|.

The following algorithm leverages this distance measure to guide the heuristic search, enabling the

efficient approximation of the k-nearest discrete solutions.

The algorithm employs pruning techniques to substantially narrow the search space at each iter-

ation by retaining only the top-k partial assignments. With a low time complexity (O(N×k log k)),

it allows for larger values of k, thereby yielding more accurate solutions. By exploiting the prob-

lem’s optimal substructure, the algorithm iteratively builds upon partial solutions to construct the

final set of k-nearest discrete solutions.

Consequently, the algorithms from 5.3.1 and 5.3.2 function as advanced discretization methods

for deriving near-optimal MPE solutions. We can apply both techniques to the neural network
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Algorithm 2 Top-k Closest Binary Assignment Generation
1: Input: qc, N , k
2: Output: Top k binary assignments B∗ minimizing D(qc,b)
3: L← [(0, [])] ▷ (distance, partial assignment)
4: for i = 1 to N do
5: T ← [] ▷ Temporary list
6: for all (d, a) ∈ L do
7: T ← T ∪ (d+ qci , a+ [0]) ▷ For bi = 0
8: T ← T ∪ (d+ (1− qci ), a+ [1]) ▷ For bi = 1
9: end for

10: Sort T by d and keep top k
11: L← T
12: end for
13: Return top k assignments in L

outputs, selecting the superior solution for each instance from the two approaches. This combined

strategy further improves overall solution quality by leveraging the complementary strengths of

both discretization methods.

5.4 Experiments

In this section, we evaluate the HGNN-based embedding (Section 5.2.2) along with the two thresh-

olding methods presented in Sections 5.3.1 and 5.3.2. We benchmark these against several base-

lines, including both neural network-based and traditional algorithms that directly operate on prob-

abilistic models. We begin by outlining the experimental framework, which includes the competing

methods, evaluation metrics, neural network architectures, and probabilistic graphical models used

in the study.

5.4.1 Graphical Models

We evaluated PGMs using thirty high-treewidth binary models from UAI inference competitions

(Elidan and Globerson, 2010; Dechter et al., 2022). Of these models, twenty-five featured cliques

larger than two, with variable counts ranging from 360 to 1444 and a maximum clique size of 12.
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The remaining five were pairwise networks with variable counts ranging from 400 to 1600. For

all models, we merged smaller cliques to ensure all cliques were of size ≥ 4, using the method

described in 5.2.2.

Table 5.1: Dataset Specifications for Higher-Order Probabilistic Graphical Models

Dataset Number of Variables Number of Factors Avg. Clique Size Max. Clique Size
BN 80 360 360 6.18 12.00
BN 82 360 360 6.18 12.00
BN 84 360 360 6.18 12.00
BN 65 440 440 3.00 5.00
BN 46 499 499 3.40 6.00
BN 59 540 540 3.00 5.00
BN 63 540 540 3.00 5.00
BN 53 561 561 3.00 5.00
BN 55 561 561 3.00 5.00
BN 57 561 561 3.00 5.00

Maxsat aes 64 596 2780 3.00 5.00
BN 47 661 661 3.00 5.00
BN 49 661 661 3.00 5.00
BN 51 661 661 3.00 5.00
BN 61 667 667 3.00 5.00
BN 42 880 880 3.00 5.00
BN 43 880 880 3.00 5.00
BN 44 880 880 3.00 5.00
BN 45 880 880 3.00 5.00
BN 30 1156 1156 2.00 3.00
BN 32 1444 1444 2.00 3.00
BN 34 1444 1444 2.00 3.00
BN 36 1444 1444 2.00 3.00
BN 38 1444 1444 2.00 3.00
BN 40 1444 1444 2.00 3.00

Table 5.2: Dataset Specifications for Pairwise Probabilistic Graphical Models

Dataset Number of Variables Number of Factors Avg. Clique Size Max. Clique Size
grid20x20.f5.wrap 400 1201 1.00 2.00

grid40x40.f10 1600 4721 1.00 2.00
grid40x40.f10.wrap 1600 4801 1.00 2.00

grid40x40.f15 1600 4721 1.00 2.00
grid40x40.f15.wrap 1600 4801 1.00 2.00
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Tables 5.1 and 5.2 summarize the details of the probabilistic graphical models used in the

experiments. For higher-order PGMs, the number of variables ranges from 360 to 1444, with an

average clique size between 2.00 and 6.18. The maximum clique size varies from 3.00 to 12.00. In

contrast, the pairwise PGMs exhibit a more uniform structure across the grid-based datasets, with

variables ranging from 400 to 1600 and factors ranging from 1201 to 4801.

We sampled data from the PGMs using Gibbs Sampling, generating 16,000, 2,000, and 2,000

examples for the training, testing, and validation sets, respectively. The query ratio (qr), defined

as the fraction of variables in the query set, was varied across {0.1, 0.3, 0.5, 0.7, 0.8, 0.9} for each

PGM.

5.4.2 Baseline Methods and Evaluation Criteria

Baselines - We evaluated our methods against both traditional and neural-based MPE solvers. As

a traditional baseline, we employed the MP algorithm (Pearl, 1988), implemented by Lowd and

Rooshenas (2015). The MP algorithm serves as an approximate inference technique designed to

identify the Most Probable Explanation (MPE) state.

As a neural-based baseline, we employed SSMP (Arya et al., 2024b), which only encodes the

inference query information as input to a neural network and applies thresholding for discretiza-

tion. This approach enabled comparisons across two dimensions of neural methods: embedding

and discretization techniques, which were tested in different combinations during evaluation.

We did not include the inference time optimization scheme (ITSELF) from Arya et al. (2024c)

in our comparisons, as it modifies network parameters during inference time to better fit the given

query. However, our proposed methods are compatible with ITSELF and could be integrated to

benefit from its test time optimization capabilities.

Evaluation Criteria – The competing approaches were assessed based on log-likelihood (LL)

scores, calculated as ln pM(e,q), and inference times for a given evidence e and query output q.
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5.4.3 Advanced Embedding and Discretization Methods

For each PGM and query ratio, we trained a neural network using the embeddings described in

5.2.2 and the self-supervised loss from 4.2.2. An attention-based HGNN layer was employed for

embedding aggregation, with an input embedding size of 2k, where k is the number of variables in

the largest clique, and an output embedding size of 64. Each model was trained for 20 epochs using

the loss function described in 4.2.2. We standardized the network architecture (for the network

that processes the embeddings) across all experiments, using a fully connected NN with three

hidden layers (128, 256, and 512 nodes). All hidden layers used ReLU activation functions, while

the output layer applied sigmoid functions with dropout regularization (Srivastava et al., 2014).

The models were trained using the Adam optimizer (Kingma and Ba, 2015) and implemented in

PyTorch (Paszke et al., 2019) and PyTorch Geometric (Fey and Lenssen, 2019). All experiments

were conducted on an NVIDIA A40 GPU.

5.4.4 Hyperparameters for Discretization Methods

We applied four discretization methods: (1) the thresholding (Thresh) technique, which also serves

as the baseline discretization method in our experiments, using a threshold of 0.5, as described in

Arya et al. (2024b,c), (2) the OAUAI method from 5.3.1, (3) the k-Nearest method from 5.3.2,

and (4) a combination of the two (OAUAI | k-Nearest). For OAUAI, we limited processing to a

maximum of 1/4 of the query variables or 200 (whichever was smaller) using AOBB as the chosen

oracle, following the method described in Otten and Dechter (2012) method (implementated by

Otten (2012)). For k-Nearest, we set k to 1024.

For the neural network models, we used a mini-batch size of 512 and applied a learning rate de-

cay of 0.9 whenever the loss plateaued, improving training efficiency. Parameters were initialized

using the Kaiming normal distribution to ensure appropriate weight scaling and support effective

training.
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We implemented the attention-based HGNN using PyTorch Geometric (Fey and Lenssen,

2019), utilizing a single head for the attention module. Optimal hyperparameters were determined

through extensive 5-fold cross-validation, while other hyperparameters followed the configurations

in Arya et al. (2024b,c). Additional hyperparameter details are available in Arya et al. (2025).

For the baseline MP method, we utilized the implementation and default parameters from Lowd

and Rooshenas (2015). For comparison with optimal solutions, we employed AOBB (Otten and

Dechter, 2012), using the implementation from Otten (2012), with default parameters. This algo-

rithm also served as the oracle in the OAUAI method.

We evaluated the methods—including the traditional non-neural baseline, embedding schemes

(query-based baseline embedding (SSMP) and our proposed hypergraph neural network-based em-

bedding (HGNN)), and discretization schemes (the thresholding-based baseline (Thresh), and our

proposed oracle-based (OAUAI), nearest discrete solutions-based (k-Nearest), and the combina-

tion of the latter two (HGNN: OAUAI | k-Nearest))—on 30 PGMs.

SSMP SSMP SSMP SSMP HGNN HGNN HGNN HGNN

SSMP

SSMP

SSMP

SSMP

HGNN

HGNN

HGNN

HGNN

MP Th KN OAUAI (KN
OAUAI)

Th KN OAUAI (KN
OAUAI)

MP

Th

KN

OAUAI

(KN
OAUAI)

Th

KN

OAUAI

(KN
OAUAI)

53 49 36 33 37 22 26 15

97 0 0 0 30 3 4 0

98 150 34 0 51 26 27 16

114 150 116 0 62 43 19 6

114 150 144 65 63 57 31 20

113 118 99 88 87 0 0 0

118 147 122 107 91 150 41 0

124 146 122 128 119 150 109 0

125 150 132 144 127 150 133 115

(a) CT: Higher-Order Models

SSMP SSMP SSMP SSMP HGNN HGNN HGNN HGNN

SSMP

SSMP

SSMP

SSMP

HGNN

HGNN

HGNN

HGNN

MP Th KN OAUAI (KN
OAUAI)

Th KN OAUAI (KN
OAUAI)

MP

Th

KN

OAUAI

(KN
OAUAI)

Th

KN

OAUAI

(KN
OAUAI)

14 14 13 13 6 6 6 6

6 0 0 0 0 0 0 0

6 20 0 0 0 0 0 0

7 20 20 0 3 1 0 0

7 20 20 8 3 1 0 0

14 20 20 17 17 0 0 0

14 20 20 19 19 12 4 0

14 20 20 20 20 20 16 0

14 20 20 20 20 20 20 17

(b) CT: Pairwise Models

Figure 5.2: Contingency tables (a) and (b): baseline methods vs. our approach. Each cell: fre-
quency of the row method outperforming the column method. Method names: embedding and
discretization techniques. Proposed method names are in bold.
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5.4.5 Empirical Evaluations

Evaluating Traditional and Neural Baselines vs Our Methods:

Table 5.2a presents the contingency tables for PGMs with higher-order cliques. We generated

150 test datasets for the MPE task, utilizing 25 higher-order PGMs across six different query

ratios (qr). Each cell (i, j) in the table indicates the number of instances (out of 150) where the

method in row i outperformed the method in column j based on average log-likelihood scores.

Discrepancies between 150 and the sum of values for cells (i, j) and (j, i) reflect cases where the

methods achieved comparable scores.

Similarly, Table 5.2b displays the contingency tables for pairwise models. Here, we generated

20 test datasets using five PGMs across four query ratios (qr), applying the same interpretative

framework as for Table 5.2a.

Both Tables 5.2a and 5.2b employ a color scale to convey the comparative strength of the

methods: darker green shades suggest that the row method outperformed the column method in

many experiments, while lighter shades or white (indicating a cell value of 0) suggest the opposite,

with the column method outperforming more frequently. Each cell also displays its corresponding

value.

The analysis of the contingency tables for both higher-order and pairwise models reveals a

consistent pattern, where the left side of the diagonal shows higher values, represented by darker

green shades. This indicates that methods listed in the lower rows generally outperform those in

the earlier columns. This trend underscores the superiority of HGNN-based methods, which are

positioned in these lower rows, over alternative approaches. Consequently, HGNN configurations

consistently achieve higher log-likelihood scores, surpassing both baseline and SSMP methods in

effectiveness. To facilitate a deeper analysis, we will now address several key questions.

Q1. How do HGNN-based methods compare to traditional baseline MP?

The values in the first row and first column provide a comparison between the HGNN-based meth-

ods and the traditional MP baseline. Specifically, the last four values in the first column indicate
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how often the HGNN-based embedding, using different discretization methods, outperformed MP.

Among these, HGNN: OAUAI | k-Nearest demonstrated the strongest performance, surpassing

the baseline in over 80% of cases for higher-order models and more than 70% for pairwise mod-

els. Other methods also displayed competitive performance, indicating that models that use our

HGNN-based embedding consistently outperform MP in most scenarios.

Q2. Does a more sophisticated hypergraph-based embedding help?

When comparing different methods that use the same discretization technique but differ in their em-

bedding schemes, the HGNN-based embedding consistently outperforms those relying solely on

query information. For higher-order networks, the HGNN-based embedding is superior in at least

78% of cases, while for pairwise models, it outperforms in the other method in every instance. This

indicates that integrating information from the PGM alongside query data significantly enhances

performance compared to embeddings based solely on query information.

Q3. Are advanced discretization techniques more effective than simple thresholding?

By examining methods that utilize identical encoding schemes but differ in discretization tech-

niques, we observe OAUAI performs the best following by k-Nearest, and Thresh. Notably,

OAUAI | k-Nearest outperforms Thresh in nearly all cases for both embeddings and across higher-

order and pairwise models. Furthermore, Thresh, which serves as the baseline for our experiments,

does not outperform any of the proposed methods, highlighting the substantial improvements of-

fered by advanced discretization techniques.

Detailed Comparison of Our Best Approach Against MP

To offer a more detailed comparison with the traditional baseline (MP), we use heatmaps in

Figures 5.3a (Pairwise models) and 5.3b (Higher-order models) to illustrate the performance of

HGNN: OAUAI | k-Nearest (our best method) relative to the baseline. Along the y-axis, datasets

are arranged by the number of variables, while the x-axis represents different query ratios. Each

cell displays the percentage difference in mean log-likelihood (LL) scores between the methods,

calculated as %Diff. = 100×(llnn−llbp)/|llbp|. Green cells indicate where our method outperforms
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Figure 5.3: Heatmaps (a) and (b) display % differences in LL scores (color bar) between MP and
HGNN: OAUAI | k-Nearest. X-axis: query ratio; Y-axis: dataset names. Green cells: our method
is better; Orange cells: MP performs better. In both figures, darker shades indicate larger values.
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MP, while orange cells denote cases where MP performs better. Darker shades correspond to larger

differences, with lighter shades indicating smaller differences; white cells denote no difference.

For pairwise models (Figure 5.3a), HGNN: OAUAI | k-Nearest perform comparably to the MP

approximation when the query set size is small, as indicated by the light orange cells. However, as

the problem complexity increases with larger query set sizes, our method consistently outperforms

MP across all datasets, shown by the green color. In these cases, log-likelihood score improvements

reach up to 40%.

A similar pattern emerges for higher-order models (Figure 5.3b), where our method matches

the baseline’s performance for the smallest query ratio. However, as the query ratio increases,

the performance improvement becomes more evident (up to 90% improvement), as indicated by

the prevalence of dark green cells across most datasets. The heatmap features only a few orange

and white cells, indicating that our method consistently outperforms the MP approximation in the

majority of scenarios.

One key reason for better performance on higher-order networks is that these models inherently

encode a large amount of information within each clique, as each clique is represented by 2k

parameters (where k is the size of the clique). This richness enables the HGNN-based model

to significantly enhance the quality of MPE solutions. However, when combining cliques (e.g.,

k1 . . . km) to form larger cliques from smaller ones, we transition from 2k1 + 2k2 + · · · + 2km

parameters to 2k1+k2+···+km parameters. This increase in parameters can result in embeddings that

are less representative. Additionally, the pairwise models used (networks from the grid family)

often exhibit similar values in their factors, particularly for the (0,0):(1,1) and (1,0):(0,1) pairs. As

a result, when we take the product of cliques, many of the initial embeddings also have similar

values, leading to less informative embeddings.
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Table 5.3: Gap Between AOBB and All Other Methods, Including Baselines and Proposed Meth-
ods, for Higher-Order PGMs: Query Ratio 0.5.

PGM SSMP SSMP SSMP SSMP HGNN HGNN HGNN HGNN |Worst-Best|
Th KN OAUAI (KN|OAUAI) Th KN OAUAI (KN|OAUAI)

BN 42 0.10524 0.06363 0.06507 0.05166 0.15445 0.08236 0.04370 0.03969 0.11476
BN 43 0.21902 0.15704 0.17266 0.14554 0.25150 0.15481 0.04944 0.04876 0.20274
BN 44 0.18344 0.13335 0.12052 0.11149 0.10628 0.04523 0.05316 0.03503 0.14841
BN 45 0.17915 0.13698 0.11053 0.10570 0.08086 0.03768 0.03712 0.02808 0.15107
BN 46 0.28021 0.16378 0.18497 0.14652 0.38591 0.23951 0.16023 0.14308 0.24282
BN 65 0.41790 0.37808 0.22508 0.22489 0.11301 0.04416 0.01785 0.01775 0.40015
BN 80 0.27192 0.15047 0.08559 0.07923 0.00109 0.00000 0.00088 0.00000 0.27191
BN 82 0.15444 0.06093 0.08547 0.04847 0.00131 0.00002 0.00095 0.00002 0.15445
BN 84 0.20071 0.11452 0.15966 0.10912 0.06721 0.00049 0.06718 0.00049 0.20022
MAX-SAT 0.03481 0.03248 0.02062 0.02062 0.03021 0.02819 0.01856 0.01856 0.01625

Table 5.4: Gap Between AOBB and All Other Methods, Including Baselines and Proposed Meth-
ods, for Pairwise PGMs: Query Ratio 0.5.

PGM SSMP SSMP SSMP SSMP HGNN HGNN HGNN HGNN |Worst-Best|
Th KN OAUAI (KN|OAUAI) Th KN OAUAI (KN|OAUAI)

grid20x20.f5.wrap 0.07852 0.06316 0.05627 0.05356 0.05836 0.04185 0.02456 0.02406 0.05446
grid40x40.f10 0.01859 0.01642 0.01586 0.01540 0.01312 0.01075 0.01154 0.01023 0.00835
grid40x40.f10.wrap 0.01874 0.01645 0.01344 0.01337 0.01124 0.00909 0.00798 0.00756 0.01118
grid40x40.f15 0.02260 0.02004 0.01535 0.01533 0.01715 0.01455 0.01151 0.01151 0.01109
grid40x40.f15.wrap 0.01858 0.01627 0.01323 0.01315 0.01388 0.01388 0.01031 0.01006 0.00853

5.5 Comparing MPE Solutions of Proposed Methods Against Near-Optimal Solutions

Tables 5.3 and 5.4 present the log-likelihood score gaps between AOBB and various neural network

techniques, including embedding schemes—query-based (SSMP) and hypergraph neural network-

based (HGNN)—as well as discretization schemes: thresholding (Thresh), oracle-based (OAUAI),

nearest discrete solutions-based (k-Nearest), and their combination (HGNN: OAUAI | k-Nearest).

For each method M, the gap is calculated as the relative difference between the near-optimal

score (determined by AOBB) and the score achieved by M. We evaluate the performance on

datasets where AOBB can feasibly identify near-optimal or exact solutions. In this experiment,

the query ratio is set to 0.5 to improve the quality of the near-optimal solution. Higher query ratios

increase problem difficulty, making it more challenging to achieve near-optimal solutions.

The neural-based approach that achieves the best performance for each dataset is highlighted

in bold. Smaller values indicate better performance, as a smaller gap implies the method is closer
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to near-optimal solutions. The last column presents the difference between the best (lowest) gap

and the worst (highest) gap.

Notably, HGNN: OAUAI | k-Nearest consistently outperforms other neural baselines across

most datasets. This method is followed by OAUAI and k-Nearest, both utilizing HGNN for em-

bedding. This analysis offers a comprehensive comparison of the proposed methods with near-

optimal solutions, demonstrating that HGNN-based approaches, particularly OAUAI, k-Nearest,

and HGNN: OAUAI | k-Nearest, consistently produce solutions with quality close to the optimal

solutions.

5.6 Inference Times

We present the inference times for all baselines and proposed methods in Figures 5.4 and 5.5.

Both figures employ a logarithmic microsecond scale, where color intensity represents inference

duration—lighter hues denote shorter times.

For all PGMs, the SSMP method with Thresh and the HGNN method with Thresh exhibit the

fastest inference, with SSMP being marginally quicker. This marginal difference arises because

the HGNN method requires evidence instantiation to generate richer embeddings. Furthermore,

the attention module in HGNN slightly increases inference time.

Following these are the k-Nearest, OAUAI, and HGNN: OAUAI | k-Nearest methods, which

maintain the same relative ranking for both embeddings. Although these discretization schemes re-

quire more time than the thresholding method (Thresh), they produce significantly better solutions.

Reducing the value of the hyperparameters—k for k-Nearest and the number of query variables for

OAUAI—can decrease inference time, though at the cost of solution quality. Conversely, increas-

ing the value of these hyperparameters can improve solution quality at the cost of longer inference

times. The MP baseline exhibits the longest inference times.
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Figure 5.4: Heatmap of inference times for Pairwise PGMs. The logarithmic microsecond scale is
represented by color intensity, with lighter hues indicating shorter, more efficient inference dura-
tions.
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Figure 5.5: Heatmap of inference times for Higher-Order PGMs. Color intensity represents a
logarithmic microsecond scale, with lighter hues indicating shorter inference durations.
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5.7 Chapter Summary

In this chapter, we introduced novel techniques for solving Most Probable Explanation (MPE)

queries in probabilistic graphical models, starting with an advanced encoding strategy that employs

a HGNN to aggregate information from the query, graphical model structure, and parameters. This

approach eliminates the need for test-time optimization to achieve near-optimal solutions. Addi-

tionally, we proposed two novel discretization schemes, k-Nearest and OAUAI, for converting the

continuous outputs of the neural network into discrete MPE solutions. These schemes consistently

outperform traditional thresholding methods, which correspond to a specific form of k-Nearest

method when k = 1. Our evaluation on 30 binary high tree-width probabilistic graphical model

benchmarks demonstrated that our method significantly outperforms traditional baselines and other

neural approaches.
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CHAPTER 6

LEARNING TO SOLVE THE CONSTRAINED MOST PROBABLE EXPLANATION

TASK IN PROBABILISTIC GRAPHICAL MODELS

6.1 Introduction

Probabilistic graphical models (PGMs) such as Bayesian and Markov networks (Koller and Fried-

man, 2009; Darwiche, 2009) compactly represent joint probability distributions over random vari-

ables by factorizing the distribution according to a graph structure that encodes conditional in-

dependence among the variables. Once learned from data, these models can be used to answer

various queries, such as computing the marginal probability distribution over a subset of variables

(MAR) and finding the most likely assignment to all unobserved variables, which is referred to as

the most probable explanation (MPE) task.

The constrained most probable explanation (CMPE) task aims to identify the most probable

values X = x with respect to f that satisfies the constraint g(x) ≤ q. Although both MPE and

CMPE are NP-hard in general, CMPE is more challenging to solve in practice than MPE. Notably,

CMPE is NP-hard even for PGMs with no edges, such as zero treewidth or independent PGMs,

while MPE can be solved in linear time. Rouhani et al. (2020) and later Rahman et al. (2021)

demonstrated that several probabilistic inference queries are special cases of CMPE, including

queries such as finding the decision preserving most probable explanation (Choi et al., 2012),

finding the nearest assignment (Rouhani et al., 2018), and robust estimation (Darwiche and Hirth,

2023, 2020).

Our interest in the CMPE task is motivated by its extensive applicability to various neuro-

symbolic inference tasks. Many of these tasks can be viewed as specific instances of CMPE.

Specifically, when f(x) represents a function encoded by a neural network and g(x) ≤ q signifies

particular symbolic or weighted constraints that the neural network must adhere to, the neuro-

symbolic inference task involves determining the most likely prediction with respect to f while
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ensuring that the constraint g(x) ≤ q is satisfied. Another notable application of CMPE involves

transferring abstract knowledge and inferences from simulations to real-world contexts. For exam-

ple, in robotics, numerous simulations can be employed to instruct the robot on various aspects,

such as object interactions, robot-world interactions, and underlying physical principles, encapsu-

lating this abstract knowledge within the constraint g(x) ≤ q. Subsequently, with a neural network

f trained on a limited amount of real-world data, characterized by richer feature sets and objectives,

g can be used to reinforce the predictions made by f , ensuring that the robot identifies the most

likely prediction with respect to f while satisfying the constraint g(x) ≤ q. This strategy enhances

the reliability of the robot’s predictions and underscores the practical significance of CMPE.

In this chapter, we explore novel machine learning techniques for the CMPE task, inspired by

advances in learning to optimize (Donti et al., 2020; Fioretto et al., 2020; Park and Hentenryck,

2023; Zamzam and Baker, 2020). These works propose training a neural network that takes the

constraints, observations, etc. of an optimization problem as input and produces a near-optimal

solution to the problem.

In practice, a popular approach for solving optimization problems is to use search-based solvers

such as Gurobi and SCIP. However, a drawback of these off-the-shelf solvers is their inability to

efficiently solve large problems, especially those with dense global constraints, such as the CMPE

problem. In contrast, neural networks are efficient because once trained, the time complexity of

solving an optimization problem using them scales linearly with the network’s size. This attractive

property has also driven their application in solving probabilistic inference tasks such as MAR and

MPE inference (Gilmer et al., 2017; Kuck et al., 2020; Zhang et al., 2020; Satorras and Welling,

2021). However, all of these methods require access to exact inference techniques in order to train

the neural network. As a result, they are feasible only for small graphical models on which exact

inference is tractable. Recently, Cui et al. (2022b) proposed to solve the MPE task by training

a variational distribution that is parameterized by a neural network in a self-supervised manner

(without requiring access to exact inference methods). To the best of our knowledge, there is no

prior work on using neural networks for solving the CMPE problem.
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We propose a new self-supervised approach for training neural networks which takes obser-

vations or evidence as input and outputs a near optimal solution to the CMPE task. Existing

self-supervised approaches (Fioretto et al., 2020; Park and Hentenryck, 2023) in the learning to

optimize literature either relax the constrained objective function using Lagrangian relaxation and

then use the Langragian dual as a loss function or use the Augmented Lagrangian method. We

show that these methods can be easily adapted to solve the CMPE task. Unfortunately, an issue

with them is that an optimal solution to the Lagrangian dual is not guaranteed to be an optimal

solution to the CMPE task (because of the non-convexity of CMPE, there is a duality gap). To ad-

dress this issue, we propose a new loss function based on first principles and show that an optimal

solution to this loss function is also an optimal solution to the CMPE task. Moreover, our new loss

function has several desirable properties, which include: (a) during training, when the constraint

is violated, it focuses on decreasing the strength of the violation, and (b) when constraints are not

violated, it focuses on increasing the value of the objective function associated with the CMPE

task.

We conducted a comprehensive empirical evaluation, comparing several supervised and self-

supervised approaches to our proposed method. To the best of our knowledge, these are the first

empirical results on using machine learning, either supervised or self-supervised, to solve the

CMPE task in PGMs. On a number of benchmark models, our experiments show that neural net-

works trained using our proposed loss function are more efficient and accurate compared to models

trained to minimize competing supervised and self-supervised loss functions from the literature.

Section 6.2 explores machine learning strategies from the learning to optimize literature, and

how these strategies can be adapted to tackle the CMPE task. In Section 6.3, the focus will be

on our novel self-supervised neural network-based approach that has been designed to train neural

networks to provide near-optimal solutions for address CMPE. Finally, Section 6.4 is dedicated

to the empirical evaluation and comparison of the proposed method against other supervised and

self-supervised approaches.
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6.2 Solving CMPE Using Methods From the Learning to Optimize Literature

In this section, we show how techniques developed in the learning to optimize literature (Donti

et al., 2020; Fioretto et al., 2020; Park and Hentenryck, 2023; Zamzam and Baker, 2020) which

seeks to develop machine learning approaches for solving constrained optimization problems can

be leveraged to solve the CMPE task. The main idea is to train a deep neural networkFΘ : X→ Y

parameterized by the set Θ ∈ RM such that at test time given evidence x, the network is able to

predict an (near) optimal solution ŷ to the CMPE problem. Note that as far as we are aware, no

prior work exists on solving CMPE using deep neural networks.

6.2.1 Supervised Methods

In order to train the parameters of FΘ in a supervised manner, we need to acquire labeled data

in the form D = {⟨xi,yi⟩}Ni=1 where each label yi is an optimal solution to the problem given

in equation 2.8 given xi. In practice, we can generate the assignments {xi}Ni=1 by sampling them

from the graphical model corresponding to f and the labels {yi}Ni=1 by solving the minimization

problem given in equation 2.8 using off-the-shelf solvers such as Gurobi and SCIP.

Let ŷi = FΘ(xi) denote the labels predicted by the neural network for xi. Following Zamzam

and Baker (2020), we propose to train FΘ using the following two loss functions

Mean-Squared Error (MSE) :
1

N

∑
i

(yi − ŷi)
2 (6.1)

Mean-Absolute-Error (MAE) :
1

N

∑
i

|yi − ŷi| (6.2)

Experimentally, we found that neural networks trained using the MAE and MSE loss functions

often output infeasible assignments. To address this issue, following prior work (Nellikkath and

Chatzivasileiadis, 2021), we propose to add λx max{0, gx(ŷ)} to the loss function where λx is a

penalty coefficient.
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In prior work (Fioretto et al., 2020), it was observed that the quality of the solutions greatly

depends on the value chosen for λx. Moreover, it is not straightforward to choose it optimally

because it varies for each x. To circumvent this issue, we propose to update λx via a Lagrangian

dual method (Nocedal and Wright, 2006). More specifically, we propose to use the following

subgradient method to optimize the value of λx. While training a neural network, let λk
xi

and ŷk
i

denote the values of the penalty co-efficient and the predicted assignment respectively at the k-th

epoch and for the i-th example inD (if the i-th example is part of the current mini-batch), then, we

update λk+1
xi

using

λk+1
xi

= λk
xi
+ ρmax{0, gxi

(ŷk
i )} (6.3)

where ρ is the Lagrangian step size. In our experiments, we evaluated both the naive and the

penalty based supervised loss approaches (for CMPE) and found that the penalty method with

MSE loss yields the best results. Therefore, in our experiments, we use it as a strong supervised

baseline.

6.2.2 Self-Supervised Methods

Supervised methods require pre-computed solutions for numerous NP-hard/multilinear problem

instances, which are computationally expensive to derive. Therefore, we propose to train the

neural network in a self-supervised manner that does not depend on the pre-computed results.

Utilizing findings from Kotary et al. (2021) and Park and Hentenryck (2023), we introduce two

self-supervised approaches: one is grounded in the penalty method, and the other builds upon the

augmented Lagrangian method.

Penalty Method (Donti et al., 2020; Kotary et al., 2021; Fioretto et al., 2020). In the penalty

method, we solve the constrained minimization problem by iteratively transforming it into a se-

quence of unconstrained problems. Each unconstrained problem at iteration k is constructed by

adding a term, which consists of a penalty parameter λk
x multiplied by a function max{0, gx(y)}2
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that quantifies the constraint violations, to the objective function. Formally, the optimization prob-

lem at the k-th step is given by:

min
y

fx(y) +
λk

x

2
max {0, gx(y)}2 (6.4)

Here, λk
x is progressively increased either until the constraint is satisfied or a predefined maximum

λmax is reached. λk
x can be updated after a few epochs using simple strategies such as multiplication

by a fixed factor (e.g., 2, 10, etc.).

The penalty method can be adapted to learn a neural network in a self-supervised manner as

follows. At each epoch k, we sample an assignment x (or multiple samples for a mini-batch)

from the graphical model corresponding to f , predict ŷ using the neural network and then use the

following loss function to update its parameters:

Lpen
x (ŷ) = fx(ŷ) +

λk
x

2
max {0, gx(ŷ)}2 (6.5)

Determining the optimal λk
x is crucial. In prior work, Kotary et al. (2021) and Fioretto et al.

(2020) proposed to update it via a subgradient method, similar to the update rule given by equa-

tion 6.3. More formally, we can update λk
x using:

λk+1
x = λk

x + ρmax
{
0, gx(ŷ

k)
}

(6.6)

where ρ is the Lagrangian step size.

Augmented Lagrangian Method (ALM). In this method, we augment the objective used in

the penalty method with a Lagrangian term. More formally, the optimization problem at the k-th

step is given by (compare with equation 6.4):

min
y

fx(y) +
λk

x

2
max {0, gx(y)}2 + µk

xgx(y) (6.7)

Here, λk
x may be progressively increased similar to the penalty method while µk

x is updated using

µk+1
x = max

{
0, µk

x + λk
xgx(y

k)
}

(6.8)
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Recently, Park and Hentenryck (2023) proposed a self-supervised primal-dual learning method that

leverages two distinct networks to emulate the functionality of ALM: the first (primal) network

takes as input x and outputs y while the second network focuses on learning the dual aspects;

specifically it takes x as input and outputs µk
x . The training process uses a sequential approach,

where one network is trained while the other remains frozen to furnish the requisite values for the

loss computation.

The primal network uses the following loss function:

LA,p
x (ŷ|µ, λ) = fx(ŷ) +

λ

2
max {0, gx(ŷ)}2 + µgx(y)

While the dual network uses the following loss function

LA,d
x (µ̂|y, λ, µk) = ||µ̂−max

{
0, µk + λgx(y)

}
||

where µ̂ is the predicted value of the Lagrangian multiplier.

Drawbacks of the Penalty and ALM Methods

A limitation of the penalty-based self-supervised method is that it does not guarantee a global

minimum unless specific conditions are met. In particular, the optimal solution w.r.t. the loss

function (see equation 6.5) may be far away from the optimal solution y∗ of the problem given in

equation 2.8, unless the penalty co-efficient λk
x → ∞. Moreover, when λk

x is large for all x, the

gradients will be uninformative. In the case of ALM method (cf. (Nocedal and Wright, 2006)),

for global minimization, we require that either λk
x → ∞ or ∀x with gx(y) > 0, µk

x should be

such that miny fx(y) + µk
xgx(y) > p∗x. Additionally, ALM introduces a dual network, increasing

the computational complexity and potentially leading to negative information transfer when the

dual network’s outputs are inaccurate. These outputs are subsequently utilized in the loss to train

the primal network for the following iteration, thereby exerting a negative effect. To address these

limitations, next, we introduce a self-supervised method that achieves global minimization without

the need for a dual network or infinite penalty coefficients.
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6.3 A Novel Self-Supervised CMPE Solver

An appropriately designed loss function should have the following characteristics. For feasible

solutions, namely when gx(y) ≤ 0, the loss function should be proportional to fx(y). While

for infeasible assignments, it should equal infinity. This loss function will ensure that once a

feasible solution is found, the neural network will only explore the space of feasible solutions.

Unfortunately, infinity does not provide any gradient information, and the neural network will

get stuck in the infeasible region if the neural network generates an infeasible assignment during

training.

An alternative approach is to use g as a loss function when the constraint is not satisfied (i.e.,

gx(y) > 0) in order to push the infeasible solutions towards feasible ones (Liu and Cherian, 2023).

Unfortunately, this approach will often yield feasible solutions that lie at the boundary gx(y) = 0.

For instance, for a boundary assignment yb where gx(yb) = 0 but fx(yb) > 0 (or decreasing), the

sub-gradient will be zero, and the neural network will treat the boundary assignment as an optimal

one.

To circumvent this issue, we propose a loss function which has the following two properties:

(1) It is proportional to g in the infeasible region with f acting as a control in the boundary region

(when g is zero); and (2) It is proportional to f in the feasible region. Formally,

Lx(ŷ) =


fx(ŷ) if gx(ŷ) ≤ 0

αx(fx(ŷ) + gx(ŷ)) if gx(ŷ) > 0

(6.9)

where αx is a function of the evidence x. Our goal is to find a bound for αx such that the following

desirable property is satisfied and the bound can be computed in polynomial time for each x by

leveraging bounding methods for CMPE.

Property (Consistent Loss): The loss for all infeasible assignments is higher than the optimal

value p∗x.
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To satisfy this property, we have to ensure that:

∀ŷ s.t. gx(ŷ) > 0, αx (fx(ŷ) + gx(ŷ)) > p∗x

which implies that the following condition holds.

αx

(
min
ŷ

fx(ŷ) + gx(ŷ) s.t. gx(ŷ) > 0

)
> p∗x

Let q∗x denote the optimal value of minŷ fx(ŷ) + gx(ŷ) s.t. gx(ŷ) > 0. Then, αx > p∗x
q∗x

.

Proposition 6.3.1. If Lx(ŷ) is consistent, i.e., αx > p∗x
q∗x

then minŷ Lx(ŷ) = p∗x, namely Lx(ŷ) is

an optimal loss function.

Proof. From equation 6.9, we have

min
ŷ
Lx(ŷ) = min

{
min
ŷ

fx(ŷ) s.t. gx(ŷ) ≤ 0,

αx

(
min
ŷ

fx(ŷ) + gx(ŷ) s.t. gx(ŷ) > 0

)}
= min {p∗x, αxq

∗
x} (6.10)

Because Lx(ŷ) is consistent, namely, αx > p∗x
q∗x

, we have

min {p∗x, αxq
∗
x} = p∗x (6.11)

From equation 6.10 and equation 6.11, the proof follows.

We assume that fx(y) and gx(y) are bounded functions, namely for any assignment (x,y),

lf ≤ fx(y) ≤ uf and lg ≤ gx(y) ≤ ug where −∞ < s < ∞ and s ∈ {lf , uf , lg, ug}. Also, for

simplicity, we assume that fx(y) is a strictly positive function, namely lf > 0.

Thus, based on the assumptions given above, we have

p∗x
q∗x
≤ uf

lf
and 0 < αx ≤

uf

lf

The above assumptions will ensure that the gradients are bounded, because αx, f and g are

bounded, and both p∗x and q∗x are greater than zero.
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6.3.1 Deriving Upper Bounds For p∗x And Lower Bounds For q∗x

To compute the value of αx, we utilize the following equation:

αx >
p∗x
q∗x

(6.12)

Next, we show how to compute an upper bound on αx using αx > p∗x
q∗x

, thus ensuring that

we have an optimal loss function. The terms in the numerator (p∗x) and denominator (q∗x) require

solving two instances of the CMPE task. Since solving CMPE exactly is impractical and moreover,

since we are interested in self-supervised methods where we do not assume access to such a solver,

we propose to lower bound q∗x and upper bound p∗x.

To estimate an upper bound for the optimal value (p∗x) of the constrained optimization problem

min
ŷ

fx(ŷ) s.t. gx(ŷ) ≤ 0, (6.13)

we begin by seeking a loose upper bound through solving the unconstrained task maxy fx(ŷ)

by utilizing mini-bucket elimination (Dechter and Rish, 2003). Subsequently, feasible solutions are

tracked during batch-style gradient descent to refine the initial upper bound (note that the weight

of any feasible solution is an upper bound on p∗x). For each iteration, the feasible solution with the

optimal objective value for each example is stored and subsequently utilized.

To derive a lower bound for q∗x, which represents the optimal solution for the following con-

strained optimization problem,

min
ŷ

fx(ŷ) + gx(ŷ) s.t. gx(ŷ) > 0, (6.14)

we can employ the methodologies delineated in Rahman et al. (2021). These techniques pro-

vide a mechanism for either upper bounding or lower bounding the CMPE task, contingent on

whether it is formulated as a maximization or minimization problem, respectively. The constrained

optimization task is initially transformed into an unconstrained formulation via Lagrange Relax-

ation. This results in the following optimization problem:

108



max
µ≥0

min
ŷ

fx(ŷ) + (1− µ)× gx(ŷ) (6.15)

Here, µ denotes the Lagrangian multiplier. By addressing this dual optimization problem, we

enhance the precision of the lower bound for q∗x. For the inner minimization task, the mini-bucket

elimination method is employed. The outer maximization is solved through the utilization of sub-

gradient descent.

In summary, we proposed a new loss function which uses the quantity αx. When the neural

network predicts a feasible ŷ, the loss equals f , whereas when it predicts an infeasible ŷ, the loss

is such that the infeasible solution can quickly be pushed towards a feasible solution (because it

uses gradients from g). A key advantage of our proposed loss function is that αx is not treated as

an optimization variable, and a bound on it can be pre-computed for each example x.

6.3.2 Making the Loss Function Smooth and Continuous

The loss function defined in equation 6.9 is continuous and differential everywhere except at

gx(ŷ) = 0. There is a jump discontinuity at gx(ŷ) = 0 since

lim
gx(ŷ)→0−

fx(ŷ) ̸= lim
gx(ŷ)→0+

αx(fx(ŷ) + gx(ŷ))

To address this issue, we propose the following continuous approximation

L̃x(ŷ) =
(
(1− σ(βgx(ŷ))) · [fx(ŷ)]

)
+ (6.16)(

σ(βgx(ŷ)) · [αx(fx(ŷ) + max{0, gx(ŷ)})]
)

where σ(.) is the sigmoid function and β ≥ 0 is a hyper-parameter that controls the steepness

of the sigmoid. At a high level, the above continuous approximation uses a sigmoid function to

approximate a Heaviside step function.
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6.3.3 Extensions

Adding a Penalty for Constraint Violations. A penalty of the form max{0, gx(ŷ)}2 can be

easily added to the loss function as described by the following equation

Lx(ŷ) =


fx(ŷ) if gx(ŷ) ≤ 0

αx(fx(ŷ) + gx(ŷ)) + ρmax{0, gx(ŷ)}2 if gx(ŷ) > 0

(6.17)

where ρ ≥ 0 is a hyperparameter.

6.4 Experimental Evaluation

In this section, we thoroughly evaluate the effectiveness of our proposed neural networks based

solvers for CMPE. We evaluate the competing methods on several test problems using three cri-

teria: optimality gap (relative difference between the optimal solution and the one found by the

method), constraint violations (percentage of time the method outputs an infeasible solution), and

training and inference times.

6.4.1 The Loss Functions: Competing Methods

We trained several neural networks to minimize both supervised and self-supervised loss functions.

We evaluated both MSE and MAE supervised losses with and without penalty coefficients (see

Section 6.2). In the main empirical evaluation, we show results on the best performing supervised

loss, which is MSE with penalty, denoted by SLpen.

For self-supervised loss, we experimented with the following three approaches: (1) penalty-

based method, (2) ALM, which uses a primal-dual loss (PDL), and the approach described in

Section 6.3. We will refer to these three schemes as SSLpen, PDL, and SS-CMPE, respectively.

We used the experimental setup described by Park and Hentenryck (2023) for tuning the hyperpa-

rameters of PDL and SSLpen. For the SS-CMPE method, we employed a grid search approach to

determine the optimal values for β.
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Note that all methods used the same neural network architecture except PDL, which uses two

neural networks. We obtained the ground-truth for the supervised training by solving the original

ILP problem using SCIP (Achterberg, 2009) and Gurobi (Gurobi Optimization, LLC, 2023). We

report the objective values of the ILP solutions in each table (see Tables 6.2, 6.3, and 6.4).

6.4.2 Datasets and Benchmarks

We evaluate the competing algorithms (SLpen, SSLpen, PDL, and SS-CMPE) on a number of log-

linear Markov networks ranging from simple models (low treewidth) to high treewidth models.

The simple models comprise of learned tractable probabilistic circuits (Choi et al., 2020b) with-

out latent variables, specifically, cutset networks (Rahman et al., 2014) from benchmark datasets

used in the literature. The complex, high treewidth models are sourced from past UAI inference

competitions (Elidan and Globerson, 2010). Table 6.1 provides a comprehensive overview of the

characteristics of each binary dataset, including the number of variables and functions present in

each dataset. Finally, we evaluated all methods on the task of generating adversarial examples for

neural network classifiers.

We used the following two classes of Markov networks from the UAI competitions (Elidan and

Globerson, 2010; Gogate, 2014, 2016): Ising models (Grids) and Image Segmentation networks.

Specifically, we used the Grids17 and Grids18 networks and Segmentation12, Segmentation14 and

Segmentation15 networks.

We learned MPE tractable cutset networks without latent variables using the scheme of Rahman

et al. (2014) on five high-dimensional datasets: DNA (Haaren and Davis, 2012b; Ucla-Starai,

2023), NewsGroup (c20ng) (Lowd and Davis, 2010; Ucla-Starai, 2023), WebKB1 (cwebkb) (Lowd

and Davis, 2010; Ucla-Starai, 2023), AD (Haaren and Davis, 2012b; Ucla-Starai, 2023), and BBC

(Haaren and Davis, 2012b; Ucla-Starai, 2023). These datasets are widely used in the probabilistic

circuits literature (Lowd and Davis, 2010). Note that CMPE is intractable on these models even

though MPE is tractable.
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Table 6.1: Dataset and Model Descriptions

Dataset Number of Variables Number of Functions
Tractable Probabilistic Circuits

AD 1556 1556
BBC 1058 1058

20NewsGroup 910 910
WebKB 839 839

DNA 180 180
High Tree-Width Markov Networks

Grids17 400 1160
Grids18 400 1160

Segmentation12 229 851
Segmentation14 226 845
Segmentation15 232 863

6.4.3 Architecture Design and Training Procedure

In our experimental evaluations, we employed a Multi-Layer Perceptron (MLP) with a Rectified

Linear Unit (ReLU) activation function for all hidden layers. The final layer of the MLP utilized a

sigmoid activation function, as it was necessary to obtain outputs within the range of [0, 1] for all

our experiments. Each fully connected neural network in our study consisted of three hidden lay-

ers with respective sizes of [128, 256, and 512]. We maintained this consistent architecture across

all our supervised (Zamzam and Baker, 2020; Nellikkath and Chatzivasileiadis, 2021) and self-

supervised (Park and Hentenryck, 2023; Donti et al., 2020) methods. It is important to highlight

that in the adversarial modification experiments, the neural network possessed an equal number of

inputs and outputs, specifically set to 28 × 28 (size of an image in MNIST). However, in the re-

maining two experiments concerning probabilistic graphical models, the input size was the number

of evidence variables (|X|), while the output size was |Y|.

For PDL (Park and Hentenryck, 2023), the dual network had one hidden layer with 128 nodes.

The number of outputs of the dual network corresponds to the number of constraints in the op-

timization problem. It is worth emphasizing that our method is not constrained to the usage of

Multi-Layer Perceptrons (MLPs) exclusively, and we have the flexibility to explore various neural
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network architectures. This flexibility allows us to consider and utilize alternative architectures

that may better suit the requirements and objectives of other optimization tasks.

Regarding the training process, all methods underwent 300 epochs using the Adam optimizer

(Kingma and Ba, 2015) with a learning rate of 10−3. We employed a Learning Rate Scheduler to

dynamically adapt the learning rate as the loss reaches a plateau. The training and testing processes

for all models were conducted on a single NVIDIA A40 GPU.

6.4.4 Hyperparameters

The number of instances in the minibatch was set to 128 for all the experiments. We decay the

learning rate in all the experiments by 0.9 when the loss becomes a plateau. Given the empirical ob-

servations that learning rate decay often leads to early convergence in most cases and does not yield

beneficial results for the supervised baselines, we have made the decision not to apply learning rate

decay to these methods. This choice is based on the understanding that the baselines perform opti-

mally without this particular form of learning rate adjustment. For detailed information regarding

the hyper-parameters utilized in the benchmarking methods, we refer readers to the corresponding

papers associated with each method. The optimal hyperparameters were determined using a grid

search approach. For the SS-CMPE method, for each dataset, the hyperparameters were selected

from the following available options -

• β: {0.1, 1.0, 2.0, 5.0, 10.0, 20.0}

• ρ: {0.01, 0.1, 1, 10, 100}

In the optimization problem of SS-CMPE, the parameter ρ is employed to penalize the violation

of constraints. The methodology for this approach, referred to as SS-CMPE pen, is detailed in

Section 6.3.3 and further elaborated in Arya et al. (2024a).
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Table 6.2: Average gap and constraint violations over test samples for models from the UAI com-
petition. ± denotes standard deviation. Bold values indicate the methods with the highest perfor-
mance. Underlined values denote significant violations, particularly those exceeding a threshold
of 0.15. For these methods, the gap values are not considered in our analysis.

Methods Segment12 Segment14 Segment15 Grids17 Grids18
ILP Obj. 463.454 471.205 514.287 2879.469 4160.196

Gap 0.053 ± 0.043 0.053 ± 0.043 0.053 ± 0.041 0.092 ± 0.070 0.082 ± 0.065
SLpen Violations 0.238 ± 0.426 0.248 ± 0.432 0.153 ± 0.361 0.054 ± 0.226 0.053 ± 0.224

Gap 0.051 ± 0.042 0.065 ± 0.048 0.056 ± 0.044 0.089 ± 0.055 0.104 ± 0.062
SSLpen Violations 0.149 ± 0.357 0.127 ± 0.332 0.086 ± 0.281 0.004 ± 0.059 0.005 ± 0.071

Gap 0.063 ± 0.050 0.055 ± 0.042 0.063 ± 0.049 0.102 ± 0.059 0.092 ± 0.061
PDL

Violations 0.073 ± 0.261 0.120 ± 0.326 0.016 ± 0.126 0.000 ± 0.000 0.001 ± 0.022
Gap 0.055 ± 0.045 0.051 ± 0.040 0.068 ± 0.051 0.067 ± 0.049 0.069 ± 0.051

SS-CMPE
Violations 0.093 ± 0.291 0.107 ± 0.415 0.002 ± 0.039 0.001 ± 0.032 0.001 ± 0.022

Table 6.3: Average gap and constraint violations over test samples from tractable probabilistic
models. ± denotes standard deviation. Bold values indicate the methods with the highest perfor-
mance. Underlined values denote significant violations, particularly those exceeding a threshold
of 0.15. For these methods, the gap values are not considered in our analysis.

Methods AD BBC DNA 20 NewsGroup WebKB1
ILP Obj. 2519.128 871.567 221.119 921.702 824.493

SLpen
Gap 0.156 ± 0.057 0.036 ± 0.027 0.143 ± 0.113 0.041 ± 0.031 0.044 ± 0.035

Violations 0.135 ± 0.341 0.237 ± 0.425 0.151 ± 0.358 0.084 ± 0.277 0.070 ± 0.254

SSLpen
Gap 0.159 ± 0.055 0.045 ± 0.033 0.142 ± 0.116 0.045 ± 0.036 0.058 ± 0.043

Violations 0.008 ± 0.089 0.056 ± 0.230 0.014 ± 0.118 0.005 ± 0.071 0.025 ± 0.158

PDL
Gap 0.154 ± 0.055 0.051 ± 0.036 0.144 ± 0.117 0.046 ± 0.035 0.059 ± 0.043

Violations 0.000 ± 0.000 0.025 ± 0.156 0.006 ± 0.077 0.004 ± 0.059 0.012 ± 0.109

SS-CMPE
Gap 0.134 ± 0.054 0.043 ± 0.033 0.138 ± 0.112 0.045 ± 0.035 0.057 ± 0.043

Violations 0.006 ± 0.077 0.056 ± 0.230 0.007 ± 0.083 0.005 ± 0.071 0.016 ± 0.126

6.4.5 High Tree-Width Markov Networks and Tractable Probabilistic Circuits

Our initial series of experiments focus on high treewidth Grids and Image Segmentation Markov

networks from the UAI inference competitions (Gogate, 2014, 2016). In this investigation, we

generated CMPE problems by utilizing the model employed in the UAI competitions, denoted

as M1. Subsequently, M2 was created by adjusting the parameters of M1 while incorporating a

noise parameter ϵ drawn from a normal distribution with mean 0 and variance σ2 = 0.1. To select

q, we randomly generated 100 samples, sorted them based on their weight, and then selected the
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weight of the 10th, 30th, 60th, 80th, and 90th sample as a value for q. At a high level, as we go

from the 10th sample to the 90th sample, namely as q increases, the constraint (weight w.r.t. M2

is less than or equal to q) becomes less restrictive. In other words, as we increase q, the set of

feasible solutions increases (or stays the same). Experiments in Tables 6.2 and 6.3 use q equal to

the weight of the 80th random sample. For each network, we randomly chose 60% of variables as

evidence (X) and the remaining as query variables (Y). For both the UAI models and tractable

probabilistic circuits, we generated 10K samples from M1, and used 9K for training and 1K for

testing. For the supervised methods, we generated the optimal assignment to Y using an integer

linear programming solver called SCIP (Achterberg, 2009). We used 5-fold cross validation for

selecting the hyperparameters.

For our proposed scheme, which we call SS-CMPE, we used approach described in Section

6.3.1 to find the upper bound of p∗x and the lower bound of q∗x. Note that CMPE is a much harder

task than MPE. Our scheme can be easily adapted to MPE, all we have to do is use f to yield a

supervised scheme.
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(c) Tractable Models

Figure 6.1: Optimality Gap (avg %) and Average Violations for Self-Supervised methods

The results for the UAI datasets are shown in Table 6.2. We see that for the majority of the

datasets, our method produces solutions with superior gap values compared to the other methods.

Even in situations where our methods do not achieve better gap values, they exhibit fewer viola-

tions. This demonstrates the effectiveness and robustness of our methods in generating solutions
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that strike a balance between optimizing the objective function and maintaining constraint adher-

ence. For certain datasets, our methods exhibit significantly lower constraint violations, even up to

10 times less than supervised methods.

In the next phase of our study, we employed MPE (Most Probable Explanation) tractable mod-

els, which were learned on five high-dimensional datasets (see Lowd and Davis (2010) for details

in the datasets): DNA, NewsGroup (c20ng), WebKB1 (cwebkb), AD, and BBC. These learned

models served asM1. We then applied Gaussian noise as described earlier to generateM2 based

onM1. A similar trend can be observed for tractable probabilistic models in Table 6.3, where our

method consistently outperforms the other self-supervised methods across all datasets. Not only

does our approach exhibit superior performance in terms of gap values, but it also demonstrates

comparable constraint violations. When comparing with the supervised method, our proposed al-

gorithm exhibits significantly fewer constraint violations while maintaining a better or comparable

gap value. This emphasizes the strength of our method in effectively balancing the optimization

objectives and constraint adherence, thereby offering improved overall performance compared to

both the self-supervised and supervised approaches in the context of tractable probabilistic models.

In Figure 6.1, we present the average optimality gap and average violations for different dataset

groups. It is important to note that results closer to the origin indicate better performance.

6.4.6 Adversarial Modification on the MNIST Dataset

We also evaluated our approach on the task of adversarial example generation for discriminative

classifiers, specifically neural networks. Adversarial examples play a crucial role in assessing the

robustness of models and facilitating the training of more resilient models. The task of Adversarial

Example Generation involves producing new images by making minimal modifications to input

images that are mis-classified by the model. Rahman et al. (2021) showed that this problem can

be reduced to CMPE. Formally, let G be a differentiable, continuous function defined over a set of

inputs X . Given an assignment X = x, we introduce the decision variable D, which takes the
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value d when G > 0 and d̄ otherwise. In the context of adversarial attacks, given an image x, our

objective is to generate a new image x′ such that the distance between x and x′ is minimized and

the decision is flipped (namely G < 0). We used a log-linear modelF to represent the sum absolute

distance between the pixels. Then the task of adversarial example generation can be formulated as

the following CMPE problem: maximize
∑

f∈F f (x′|x) s.t. G (x′|x) ≤ 0.

We evaluated the algorithms using the MNIST handwritten digit dataset (LeCun and Cortes,

2010). We trained a multi-layered neural network having >95% test accuracy and used it as our G

function. To generate adversarial examples corresponding to a given test example, we trained an

autoencoder A : X −→ X ′ using four loss functions corresponding to SLpen, SSLpen, PDL and

SS-CMPE. We used the default train-test split (10K examples for testing and 60K for training).

Table 6.4: Performance comparison of supervised and self-supervised methods. The table presents
the average objective value, gap, and constraint violations over the test examples, along with the
training and inference time required for each method for adversarial example generation. Bold
values signify the methods that achieved the best scores.

Methods Obj. Value Gap Violation
Time in seconds
Train Inf.

ILP 30.794 0.000 0.000 NA 5.730
SLpen 63.670 1.069 0.071 57534.4 0.003
SSLpen 76.316 1.480 0.052 469.540 0.003
PDL 66.400 1.158 0.055 839.025 0.003
SS-CMPE 62.400 1.028 0.021 520.149 0.003

Table 6.4 shows quantitative results comparing our proposed SS-CMPE method with other

competing methods. We can clearly see that SS-CMPE is superior to competing self-supervised

(SSLpen and PDL) and supervised methods (SLpen) in terms of both constraint violations and op-

timality gap. The second best method in terms of optimality gap is SLpen. However, its constraint

violations are much higher, and its training time is significantly larger because it needs access to

labeled data, which in turn requires using computationally expensive ILP solvers. The training

time of SS-CMPE is much smaller than PDL (because the latter uses two networks) and is only

slightly larger than SSLpen.
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ILP MSE MSEpen MAE MAEpen SSLpen PDL SS-CMPE

Figure 6.2: Qualitative results on the adversarially generated MNIST digits. Each row represents
an original image followed by a corresponding image generated adversarially by 8 different meth-
ods: ILP, MSE, SL+Penalty, MAE, MAE+Penalty, SSLpen, PDL, and SS-CMPE .

Figure 6.2 shows qualitative results on adversarial modification to the MNIST digits by all the

eight methods. The CMPE task minimally changes an input image such that the corresponding

class is flipped according to a discriminative classifier. MSE and our proposed method SS-CMPE

are very competitive and were able to generate visually indistinguishable, high-quality modifica-

tions whereas the other methods struggled to do so.

6.4.7 The Feasible-Only Optimality Gaps: Comparing Self-Supervised Approaches

We selected a subset of problems from the test set on which all self-supervised methods, namely,

SSLpen (Donti et al., 2020), PDL (Park and Hentenryck, 2023) and our method SS-CMPE and

SS-CMPE pen, obtained feasible solutions and this was done for each possible value of q. We

then computed their gaps and compare them via Figure 6.3. Among the three methods analyzed,

SS-CMPE and SS-CMPE pen consistently exhibits superior performance across the majority of

cases. Its optimality gaps are significantly smaller compared to the other two methods. This

finding suggests that SS-CMPE is more effective in minimizing the objective value and achieving

solutions closer to optimality for the given examples.
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Figure 6.3: Illustration of the optimality gap for self-supervised methods (on feasible examples
only) for all approaches. Lower is better.
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6.4.8 Optimality Gap And Violations in Self-Supervised Methods for Different q Values

(a) Optimality Gap (avg %) and
Average Violations for Grids UAI
networks

(b) Opt. Gap (avg %) and Avg.
Violations for Segmentation UAI
networks

(c) Optimality Gap (avg %) and
Average Violations for Tractable
Models

Figure 6.4: Visualization of Optimality Gap (average %) and Average Violations for Self-
Supervised Methods across different q values. Points closer to the origin indicate better perfor-
mance.

In the scatter plots depicted in Figure 6.4, three distinct evaluations of the optimality gap against

the average violations for various self-supervised methods across different q values are visualized.

Points positioned closer to the origin indicate better performance, with reduced optimality gaps

and fewer violations. In Figure 6.4(a), focused on Grids UAI networks, the SS-CMPE pen method

generally occupies a position near the origin, indicating its commendable performance in this set-

ting. The SS-CMPE method exhibits a comparable performance to the SS-CMPE pen method, with

occasional high levels of violations observed in two instances.

In Figure 6.4(b), showcasing the Segmentation UAI networks, the SS-CMPE and SS-CMPE

pen methods again demonstrate superiority, particularly evident by their prevalence near the ori-

gin. Finally, in Figure 6.4(c) related to tractable models, the SS-CMPE pen method often achieves

optimal placement close to the origin, reflecting a balanced performance. These evaluations pro-

vide critical insights into the effectiveness and robustness of the proposed self-supervised methods

across different problems.

Summary: Our experiments show that SS-CMPE consistently outperforms competing self-

supervised methods, PDL and SSLpen, in terms of optimality gap and is comparable to PDL in
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terms of constraint violations. The training time of SS-CMPE is smaller than PDL (by half as

much) and is slightly larger than SSLpen. However, it is considerably better than SSLpen in terms

of constraint violations. SS-CMPE also employs fewer hyperparameters as compared to PDL.

6.5 Chapter Summary

In this chapter, we proposed a new self-supervised learning algorithm for solving the constrained

most probable explanation task which at a high level is the task of optimizing a multilinear poly-

nomial subject to a multilinear constraint. Our main contribution is a new loss function for self-

supervised learning which is derived from first principles, has the same set of global optima as

the CMPE task, and operates exclusively on the primal variables. It also uses only one hyper-

parameter in the continuous case and two hyperparameters in the discrete case. Experimentally,

we evaluated our new self-supervised method with penalty-based and Lagrangian duality-based

methods proposed in literature and found that our method is often superior in terms of optimality

gap and training time (also requires less hyperparameter tuning) to the Lagrangian duality-based

methods and also superior in terms of optimality gap and the number of constraint violations to the

penalty-based methods.

Our proposed method has several limitations and we will address them in future work. First, it

requires a bound for αx. This bound is easy to obtain for graphical models/multilinear objectives

but may not be straightforward to obtain for arbitrary non-convex functions. Second, the ideal

objective in the infeasible region should be proportional to gx(y) but our method uses αx(fx(y) +

gx(y)).
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CHAPTER 7

DEEP DEPENDENCY NETWORKS AND ADVANCED INFERENCE

SCHEMES FOR MULTI-LABEL CLASSIFICATION

7.1 Introduction

In this chapter, we focus on the multi-label classification (MLC) task and more specifically, on

its two notable instantiations, multi-label action classification (MLAC) for videos and multi-label

image classification (MLIC). At a high level, given a pre-defined set of labels (or actions) and a

test example (video or image), the goal is to assign each test example to a subset of labels. It is

well known that MLC is notoriously difficult because, in practice, the labels are often correlated,

and thus, predicting them independently may lead to significant errors. Therefore, most advanced

methods explicitly model the relationship or dependencies between the labels, using either prob-

abilistic techniques (Wang et al., 2008; Guo and Xue, 2013; Antonucci et al., 2013; Wang et al.,

2014; Tan et al., 2015; Di Mauro et al., 2016) or non-probabilistic/neural methods (Kong et al.,

2013; Papagiannopoulou et al., 2015; Chen et al., 2019; Wang et al., 2021; Nguyen et al., 2021;

Wang et al., 2021; Liu et al., 2021; Qu et al., 2021; Liu et al., 2022; Zhou et al., 2023; Weng et al.,

2023).

To this end, motivated by approaches that combine probabilistic graphical models (PGMs)

with neural networks (NNs) (Krishnan et al., 2015; Johnson et al., 2016), we jointly train a hybrid

model, termed deep dependency networks (DDNs) (Guo and Weng, 2020), as illustrated in Fig-

ure 7.1. In a Deep Dependency Network (DDN), a conditional dependency network sits on top

of a neural network. The underlying neural network transforms input data (e.g., an image) into

a feature set. The dependency network (Heckerman et al., 2000) then utilizes these features to

establish a local conditional distribution for each label, considering not only the features but also

the other labels. Thus, at a high level, a DDN is a neurosymbolic model where the neural network

extracts features from data and the dependency network acts as a symbolic counterpart, learning

the weighted constraints between the labels.
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Figure 7.1: Illustrating improvements from our new inference schemes for DDNs. The DDN learns
relationships between labels, and the inference schemes reason over them to accurately identify
concealed objects, such as sports ball.

However, a limitation of DDNs is that they rely on naive techniques such as Gibbs sampling and

mean-field inference for probabilistic reasoning and lack advanced probabilistic inference tech-

niques (Lowd and Shamaei, 2011; Lowd, 2012). This chapter addresses these limitations by intro-

ducing sophisticated inference schemes tailored for the Most Probable Explanation (MPE) task in

DDNs, which involves finding the most likely assignment to the unobserved variables given obser-

vations. In essence, a solution to the MPE task, when applied to a probabilistic model defined over

labels and observed variables, effectively solves the multi-label classification problem.

More specifically, we propose two new methods for MPE inference in DDNs. Our first method

uses a random-walk based local search algorithm. Our second approach uses a piece-wise approx-

imation of the log-sigmoid function to convert the non-linear MPE inference problem in DDNs
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into an integer linear programming problem. The latter can then be solved using off-the-shelf

commercial solvers such as Gurobi (Gurobi Optimization, LLC, 2023).

We evaluate DDNs equipped with our new MPE inference schemes and trained via joint learn-

ing on three video datasets: Charades (Sigurdsson et al., 2016), TACoS (Regneri et al., 2013), and

Wetlab (Naim et al., 2014), and three image datasets: MS-COCO (Lin et al., 2014), PASCAL VOC

2007 (Everingham et al., 2010), and NUS-WIDE (Chua et al., 2009). We compare their perfor-

mance to two categories of models: (a) basic neural networks (without dependency networks) and

(b) hybrids of Markov random fields (MRFs), an undirected PGM, and neural networks equipped

with sophisticated reasoning and learning algorithms. Specifically, we employ three advanced

approaches: (1) iterative join graph propagation (IJGP) (Mateescu et al., 2010), a type of gener-

alized Belief propagation method (Yedidia et al., 2000) for marginal inference, (2) integer linear

programming (ILP) based techniques for computing most probable explanations (MPE) and (3)

a well-known structure learning method based on logistic regression with ℓ1-regularization (Lee

et al., 2006; Wainwright et al., 2006) for pairwise MRFs.

Via a detailed experimental evaluation, we found that, generally speaking, the MRF+NN hy-

brids outperform NNs, as measured by metrics such as Jaccard index and subset accuracy, espe-

cially when advanced inference methods such as IJGP are employed. Additionally, DDNs, when

equipped with our novel MILP-based MPE inference approach, often outperform both MRF+NN

hybrids and NNs. This enhanced performance of DDNs with advanced MPE solvers is likely at-

tributed to their superior capture of dense label interdependencies, a challenge for MRFs. Notably,

MRFs rely on sparsity for efficient inference and learning.

7.2 Training Deep Dependency Networks

In this section, we describe the training procedure for the Deep Dependency Network (Guo and

Weng, 2020; Arya et al., 2023), a hybrid framework designed for multi-label action classification

in videos and multi-label image classification. Two key components are trained jointly: a neural
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network and a conditional dependency network. The neural network is responsible for extracting

high-quality features from video segments or images, while the dependency network models the

relationships between these features and their corresponding labels, supplying the neural network

with gradient information regarding these relationships.

7.2.1 Framework

Let V denote the set of random variables corresponding to the pixels and v denote the RGB values

of the pixels in a frame or a video segment. Let E denote the (continuous) output nodes of a neural

network which represents a function N : v 7→ e, that takes v as input and outputs an assignment

e to E. Let X = {X1, . . . , Xn} denote the set of indicator variables representing the labels. For

simplicity, we assume that |E| = |X| = n. Given (V,E,X), a deep dependency network (DDN)

is a pair ⟨N ,D⟩ where N is a neural network that maps V = v to E = e and D is a conditional

dependency network (Guo and Gu, 2011) that models P (x|e) where e = N (v). The conditional

dependency network represents the distribution P (x|e) using a collection of local conditional dis-

tributions Pi(xi|x−i, e), one for each label Xi, where x−i = {x1, . . . , xi−1, xi+1, . . . , xn}.

Thus, a DDN is a discriminative model and represents the conditional distribution P (x|v)

using several local conditional distributions P (xi|x−i, e) and makes the following conditional in-

dependence assumptions P (xi|x−i,v) = P (xi|x−i, e) where e = N (v). Figure 7.2 demonstrates

the DDN architecture.

7.2.2 Learning

We employ the conditional pseudo log-likelihood loss (CPLL) (Besag, 1975) in order to jointly

train the two components of DDN, drawing inspiration from the DDN training approach outlined

by Guo and Weng (2020); Arya et al. (2023). For each training example (v,x), we send the

video/image through the neural network to obtain a new representation e of v. In the dependency

layer, we learn a classifier for each label Xi to model the conditional distribution Pi(xi|x−i, e).
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Figure 7.2: Illustration of Dependency Network for multi-label video classification. The NN takes
video clips (frames) as input and outputs the features e1, e2, ..., en (denoted by red colored nodes).
These features are then used by the sigmoid output (σ1, . . ., σn) of the dependency layer to model
the local conditional distributions.

More precisely, with the representation of the training instance (e,x), each sigmoid output of the

dependency layer indexed by i and denoted by σi (see Figure 7.2) uses Xi as the class variable and

(E ∪X−i) as the attributes. The joint training of the model is achieved through CPLL applied to

the outputs of the dependency layer (σi’s).

Let Θ represent the parameter set of the DDN. We employ gradient-based optimization meth-

ods (e.g., backpropagation), to minimize the Conditional Pseudo-Likelihood (CPLL) loss function
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given below

L(Θ,v,x) = −
n∑

i=1

logPi(xi|e = N (v),x−i; Θ) (7.1)

7.3 MPE Inference In DDNs

Unlike a conventional discriminative model, such as a neural network, in a DDN, we cannot predict

the output labels by simply making a forward pass over the network. This is because each sigmoid

output σi (which yields a probability distribution over Xi) of the dependency layer requires an

assignment x−i to all labels except xi and x−i is not available at prediction time. Consequently, it is

imperative to employ specialized techniques for obtaining output labels in multilabel classification

tasks within the context of DDNs.

Given a DDN representing a distribution P (x|e) where e = N (v), the multilabel classification

task can be solved by finding the most likely assignment to all the unobserved variables based on

the set of observed variables. This task is also called the most probable explanation (MPE) task.

Formally, we seek to find x∗ such that:

x∗ = argmax
x

P (x | e) (7.2)

Next, we present three algorithms for solving the MPE task.

7.3.1 Gibbs Sampling

To perform MPE inference, we first send the video (or frame) through the neural network to yield

an assignment e to all variables in E. Then given e, we generate N samples (x(1), . . . ,x(N)) via

Gibbs sampling (see for example Koller and Friedman (2009)), a classic MCMC technique. These

samples can then be used to estimate the marginal probability distribution of each label Xi using

the following mixture estimator (Liu, 2008):

P̂i (xi|v) =
1

N

N∑
j=1

Pi

(
xi | x(j)

−i , e
)

(7.3)
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Given an estimate of the marginal distribution P̂i (xi|v) for each variable Xi, we can estimate the

MPE assignment using the standard max-marginal approximation:

max
x

P (x|e) ≈
n∏

i=1

max
xi

P̂ (xi|e)

In other words, we can construct an approximate MPE assignment by finding the value xi for each

variable that maximizes P̂i (xi|e).

7.3.2 Local Search Based Methods

Local search algorithms (see for example Selman et al. (1993)) systematically examine the solution

space by making localized adjustments, with the objective of either finding an optimal solution or

exhausting a pre-established time limit. They offer a viable approach for solving the MPE inference

task in DDNs. These algorithms, through their structured exploration and score maximization, are

effective in identifying near-optimal label configurations.

In addressing the MPE inference within DDNs, we define the objective function for local search

as
∑n

i=1 log (Pi(xi | x−i, e)), where e is the evidence provided by N . We propose to use two

distinct local search strategies for computing the MPE assignment: random walk and greedy local

search.

In random walk (RW), the algorithm begins with a random assignment to the labels and at each

iteration, flips a random label (changes the value of the label from a 1 to a 0 or a 0 to a 1) to yield

a new assignment. At termination, the algorithm returns the assignment with the highest score

explored during the random walk. In greedy local search, the algorithm begins with a random

assignment to the labels, and at each iteration, with probability p flips a random label to yield a

new assignment and with probability 1 − p flips a label that yields the maximum improvement in

the score. At termination, the algorithm returns the assignment with the highest score explored

during its execution.
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7.3.3 Multi-Linear Integer Programming

In this section, we present a novel approach for MPE inference in DDNs by formulating the prob-

lem as a Second-Order Multi-Linear Integer Programming task. Specifically, we show that the

task of maximizing the scoring function
∑n

i=1 log (Pi(xi | x−i, e)) is equivalent to the optimiza-

tion problem given in 7.10.

Given that xi is binary, namely, xi ∈ {0, 1}, we can express the scoring function as follows:

maximize
x

n∑
i=1

(
xi log (Pi(Xi = 1 | x−i, e)) + (1− xi) log (1− Pi(Xi = 1 | x−i, e))

)
(7.4)

where

Pi(Xi = 1|x−i, e) = σ

 |e|∑
j=1

wijej +

|x|∑
k=1
k ̸=i

vikxk + bi


Let pi = Pi(Xi = 1|x−i, e) and zi =

∑|e|
j=1wijej +

∑|x|
k=1
k ̸=i

vikxk + bi. Then, the MPE task, which

involves optimizing the scoring function given above, can be expressed as:

maximize
x,z

n∑
i=1

(xi log pi + (1− xi) log(1− pi)) (7.5)

subject to:

pi = σ(zi), ∀i ∈ {1, . . . , n} (7.6)

zi =

|e|∑
j=1

wijej +

|x|∑
k=1
k ̸=i

vikxk + bi, ∀i ∈ {1, . . . , n} (7.7)

xi ∈ {0, 1}, ∀i ∈ {1, . . . , n} (7.8)

Here, wij’s and vik’s denote the weights associated with e and x for Pi, respectively. The

bias term for each Pi is denoted by bi. In this context, zi represents the values acquired prior to

applying the sigmoid activation function. The first constraint in the formulation, as expressed by

7.6, pertains to the sigmoid function employed in the logistic regression module. The subsequent
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constraint, defined by 7.7, formalizes the product between the weights and inputs in the condi-

tional DN. Here, ei represents evidence values supplied to the DN, while x represents the decision

variables that are subject to optimization. Finally, 7.8 specifies that the input variables must be con-

strained to integer values of 0 or 1. The constraints collectively simulate a forward pass through

the network. The objective function is designed to maximize the scoring function pertinent to the

Most Probable Explanation (MPE).

The substitution of the constraint Pi(xi|x−i, e) = σ(zi) =
1

1+e(−zi)
into the objective function

and the subsequent algebraic simplification result in a simplified formulation.

xi log pi + (1− xi) log(1− pi)

= xi log

(
ezi

1 + ezi

)
+ (1− xi) log

(
1− ezi

1 + ezi

)
= xi log

(
ezi

1 + ezi

)
+ (1− xi) log

(
1

1 + ezi

)
= xi log e

zi − xi log(1 + ezi)− log(1 + ezi) + xi log(1 + ezi)

= xi log e
zi − log(1 + ezi)

= xizi − log(1 + ezi)

(7.9)

Substituting equation 7.9 in the objective function of equation 7.5, we get

maximize
x,z

n∑
i=1

xizi − log (1 + ezi) (7.10)

subject to:

zi =

|e|∑
j=1

wijej +

|x|∑
k=1
k ̸=i

vikxk + bi, ∀i ∈ {1, . . . , n} (7.11)

xi ∈ {0, 1}, ∀i ∈ {1, . . . , n} (7.12)

The optimal value for x corresponds to the solution of this optimization problem. The second

term in the objective specified in equation 7.10 comprises logarithmic and exponential functions,
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which are non-linear, thereby making it a non-linear optimization problem. To address this non-

linearity, we propose the use of piece-wise linear approximations(Lin et al., 2013; Geißler et al.,

2012; Kumar, 2007; Li et al., 2022; Asghari et al., 2022; Rovatti et al., 2014) for these terms.

Figure 7.3: Piece-wise linear approximation of log(1 + ezi)

Given the objective function’s non-linearity, particularly due to the term log(1+ezi), we utilize

a piecewise linear function, g(z), as an approximation for log(1+ezi). The function g(z) is defined

as follows:

g(z) =


z z ≫ 1

ez z ≪ 1

log(1 + ez) otherwise

(7.13)

To obtain a piecewise linear approximation of log(1 + ezi), a single linear function suffices for

z ≫ 1, while the majority of the linear pieces are utilized for approximating the function near 1.

A piecewise linear approximation of the function is detailed in the Figure 7.3. We employ five
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segments for the approximation. These piecewise functions can be integrated as linear constraints,

facilitating the conversion of the non-linear objective into a linear objective with ease. We also

present the piecewise equations for the approximation as follows -

Table 7.1: Piecewise Linear Approximation for
g(z) ≈ log(1 + ezi)

z g(z)

]−∞,−3.257) 0
[−3.257,−0.998) (2−4 + 2−5 + 2−6 + 2−8)z + 0.379
[−0.998, 0.602) (2−2 + 2−3 + 2−4 + 2−7 + 2−8)z + 0.715
[0.602, 2.584) (2−1 + 2−2 + 2−4 + 2−7)z + 0.492
[2.584,+∞[ z

The optimization problem can be restated by incorporating g(zi) as a piece-wise linear approx-

imation of log(1 + ezi). This modification allows for the representation as follows:

maximize
x,z

n∑
i=1

xizi − g(zi)

subject to:

zi =

|e|∑
j=1

wijej +

|x|∑
k=1
k ̸=i

vikxk + bi, ∀i ∈ {1, . . . , n}

xi ∈ {0, 1}, ∀i ∈ {1, . . . , n}

(7.14)

The optimization problem given in equation 7.14 is an integer multilinear program of order 2

because it includes terms of the form xixj where both xi and xj take values from the set {0, 1}.

Since xixj corresponds to a “logical and” between two Boolean variables, all such expressions can

be easily encoded as linear constraints yielding an integer linear program (ILP).

To illustrate the encoding of binary variable products into linear constraints within an integer

linear program (ILP), consider an optimization problem involving three binary variables X1, X2,

and X3, with x1, x2, and x3 representing their respective assignments. We formulate an objective

132



function that includes the products of these binary variables:

max
x1,x2,x3

x1x2 − x2x3 + x1x3. (7.15)

While this example does not include constraints, the methodology can be adapted to constrained

optimization problems. To linearize the products of binary variables, we introduce auxiliary vari-

ables z1, z2, and z3 to represent each binary product. The revised optimization problem is thus

formulated as follows:

max
x1,x2,x3

z1 − z2 + z3

s.t. x1 ∧ x2 = z1,

x2 ∧ x3 = z2,

x1 ∧ x3 = z3.

(7.16)

The optimization problem may be expressed by incorporating additional linear constraints to

represent each boolean product. The resulting problem is presented as follows:

max
x1,x2,x3

z1 − z2 + z3

s.t. x1 + x2 − 1 ≤ z1,

z1 ≤ x1,

z1 ≤ x2,

x2 + x3 − 1 ≤ z2,

z2 ≤ x2,

z2 ≤ x3,

x1 + x3 − 1 ≤ z3,

z3 ≤ x1,

z3 ≤ x3.

(7.17)
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The outlined formulation adeptly captures logical AND operations between binary variables

through linear constraints, thus facilitating the application of Mixed-Integer Linear Programming

(MILP) solvers to identify the optimal solution. In our experiments, we solved the ILP using

Gurobi (Gurobi Optimization, LLC, 2023), which is an anytime ILP solver. Another useful feature

of the ILP formulation is that we can easily incorporate prior knowledge (e.g., an image may not

have more than ten objects/labels) into the ILP under the assumption that the knowledge can be

reliably modeled using linear constraints.

7.4 Experimental Evaluation

In this section, we evaluate the proposed methods on two multi-label classification tasks: (1) multi-

label activity classification using three video datasets; and (2) multi-label image classification using

three image datasets. We begin by describing the datasets and metrics, followed by the experimen-

tal setup, and conclude with the results. All models were implemented utilizing PyTorch and were

trained and evaluated on a machine with an NVIDIA A40 GPU and an Intel(R) Xeon(R) Silver

4314 CPU.

7.4.1 Datasets and Metrics

We evaluated our algorithms on three video datasets: (1) Charades (Sigurdsson et al., 2016); (2)

TACoS (Regneri et al., 2013); and (3) Wetlab (Naim et al., 2015). Charades dataset comprises

videos of people performing daily indoor activities while interacting with various objects. We

adopted the train-test split instructions given in PySlowFast (Fan et al., 2020) with 7,986 training

and 1,863 validation videos. TACoS consists of third-person videos of a person cooking in a

kitchen. The dataset comes with hand-annotated labels of actions, objects, and locations for each

video frame. From the complete set of these labels, we selected 28 labels resulting in 60,313

training frames and 9,355 test frames across 17 videos. Wetlab features experimental activities in
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labs, consisting of five training videos (100,054 frames) and one test video (11,743 frames) with

57 distinct labels.

For multi-label image classification (MLIC), we examined: (1) MS-COCO (Lin et al., 2014);

(2) PASCAL VOC 2007 (Everingham et al., 2010); and (3) NUS-WIDE (Chua et al., 2009). MS-

COCO, a well-known dataset for detection and segmentation, comprises 122,218 labeled images

with an average of 2.9 labels per image. We used its 2014 version. NUS-WIDE is a real-world web

image dataset that contains 269,648 images from Flickr. Each image has been manually annotated

with a subset of 81 visual classes that include objects and scenes. PASCAL VOC 2007 contains

5,011 train-validation and 4,952 test images, with each image labeled with one or more of the 20

available object classes.

We follow the instructions provided in Qu et al. (2021) to do the train-test split for NUS-WIDE

and PASCAL VOC. We evaluated performance on the TACoS, Wetlab, MS-COCO, NUS-WIDE,

and VOC datasets using Subset Accuracy (SA), Jaccard Index (JI), Hamming Loss (HL), Macro F1

Score (Macro F1), Micro F1 Score (Micro F1) and F1 Score (F1). With the exception of Hamming

Loss, superior performance is indicated by higher scores in all considered metrics. We omit SA

for the Charades dataset due to the infeasibility of achieving reasonable scores given its large label

space. Additionally, Hamming Loss (HL) has been excluded for the MS-COCO dataset as the

performance of all methods is indistinguishable.

Given that the focus in MPE inference is on identifying the most probable label configurations

rather than individual label probabilities, the use of Mean Average Precision (mAP) as a perfor-

mance metric is not applicable to our study. Therefore, our primary analysis relies on SA, JI, HL,

Macro F1, Micro F1, and F1.

7.4.2 Experimental Setup and Methods

We used three types of architectures in our experiments: (1) Baseline neural networks, which are

specific to each dataset; (2) neural networks augmented with MRFs, which we will refer to as deep
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random fields or DRFs in short; and (3) a dependency network on top of the neural networks called

deep dependency networks (DDNs).

Neural Networks. We choose four different types of neural networks, and they act as a baseline

for the experiments and as a feature extractor for DRFs and DDNs. Specifically, we experimented

with: (1) 2D CNNs, (2) 3D CNNs, (3) transformers, and (4) CNNs with attention module and

graph attention networks (GAT) (Velickovic et al., 2018). This helps us show that our proposed

method can improve the performance of a wide variety of neural architectures, even those which

model label relationships, because unlike the latter, it performs probabilistic inference.

For Charades dataset, we use the PySlowFast (Fan et al., 2020) implementation of the Slow-

Fast Network (Feichtenhofer et al., 2019) (a state-of-the-art 3D CNN for video classification). For

TACoS and Wetlab datasets, we use InceptionV3 (Szegedy et al., 2016), a state-of-the-art 2D CNN

model for image classification. For the MS-COCO dataset, we used Query2Label (Q2L) (Liu

et al., 2021), which uses transformers to pool class-related features. Q2L also learns label embed-

dings from data to capture the relationships between the labels. Finally, we used the multi-layered

semantic representation network (MSRN) (Qu et al., 2021) for NUS-WIDE and PASCAL VOC.

MSRN also models label correlations and learns semantic representations at multiple convolutional

layers. We adopt pre-trained models and hyper-parameters from existing repositories for Charades,

MS-COCO, NUS-WIDE, and PASCAL VOC. For TaCOS and Wetlab datasets, we fine-tuned an

InceptionV3 model that was pre-trained on the ImageNet dataset.

Deep Random Fields (DRFs). As a baseline, we used a model that combines MRFs with

neural networks. This DRF model is similar to DDN except that we use an MRF instead of a DN

to compute P (x|e). We trained the MRFs generatively; namely, we learned a joint distribution

P (x, e), which can be used to compute P (x|e) by instantiating evidence. We chose generative

learning because we learned the structure of the MRFs from data, and discriminative structure

learning is slow in practice (Koller and Friedman, 2009). Specifically, we used the logistic re-

gression with ℓ1 regularization method of (Wainwright et al., 2006) to learn a pairwise MRF. The
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training data for this method is obtained by sending each annotated video clip (or frame) (v,x)

through the neural network and transforming it to (e,x) where e = N(v). At termination, this

method yields a graph G defined over X ∪ E.

For parameter/weight learning, we converted each edge over X ∪ E to a conjunctive feature.

For example, if the method learns an edge between Xi and Ej , we use a conjunctive feature Xi∧Ej

which is true if both Xi and Ej are assigned the value 1. Then we learned the weights for each

feature by maximizing the pseudo log-likelihood of the data.

For inference over MRFs, we used Gibbs sampling (GS), Iterative Join Graph Propagation

(IJGP) (Mateescu et al., 2010), and Integer Linear Programming (ILP) methods. Thus, three ver-

sions of DRFs corresponding to the inference scheme were used. We refer to these schemes as

DRF-GS, DRF-ILP, and DRF-IJGP, respectively. Note that IJGP and ILP are advanced schemes,

and we are unaware of their use for multi-label classification. Our goal is to test whether advanced

inference schemes help improve the performance of deep random fields.

Deep Dependency Networks (DDNs). We trained the Deep Dependency Networks (DDNs)

using the joint learning loss described in equation 7.1. We examined four unique inference meth-

ods for DDNs: (1) DDN-GS, employing Gibbs Sampling; (2) DDN-RW, leveraging a random

walk local search; (3) DDN-Greedy, implementing a greedy local search; and (4) DDN-ILP, utiliz-

ing Integer Linear Programming to optimize the objective given in equation 7.14. It is noteworthy

that, until now, only DDN-GS has been used for inference in Dependency Networks. DDN-RW

and DDN-Greedy, which are general-purpose local search techniques, are our proposals for MPE

inference within Dependency Networks. Lastly, DDN-ILP introduces a novel approach using op-

timization techniques with the objective of enhancing MPE inference on dependency networks.

Hyperparameters. For DRFs, in order to learn a sparse structure (using the logistic regression

with ℓ1 regularization method of Wainwright et al. (2006)), we increased the regularization con-

stant associated with the ℓ1 regularization term until the number of neighbors of each node in G is

bounded between 2 and 10. We enforced this sparsity constraint in order to ensure that the infer-

ence schemes, specifically IJGP and ILP, are accurate and the model does not overfit the training
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Table 7.2: Comparison of our methods with the feature extractor for MLAC. The best/second best
values are bold/underlined.

Dataset Metric SlowFast InceptionV3 DRF DDN
GS ILP IJGP GS RW Greedy ILP

Charades

JI 0.29 - 0.22 0.31 0.32 0.31 0.30 0.31 0.33
HL ↓ 0.052 - 0.194 0.067 0.054 0.054 0.056 0.056 0.052

Macro F1 0.32 - 0.16 0.18 0.19 0.30 0.13 0.33 0.36
Micro F1 0.45 - 0.31 0.21 0.29 0.43 0.24 0.44 0.47

F1 0.42 - 0.28 0.22 0.26 0.41 0.22 0.41 0.44

TACoS

SA - 0.40 0.47 0.51 0.44 0.54 0.46 0.56 0.63
JI - 0.61 0.65 0.65 0.70 0.69 0.64 0.69 0.72

HL ↓ - 0.082 0.044 0.030 0.043 0.041 0.042 0.040 0.040
Macro F1 - 0.26 0.54 0.42 0.54 0.52 0.59 0.61 0.62
Micro F1 - 0.48 0.75 0.73 0.83 0.74 0.77 0.80 0.79

F1 - 0.44 0.70 0.66 0.78 0.68 0.75 0.75 0.76

Wetlab

SA - 0.35 0.35 0.60 0.58 0.63 0.46 0.55 0.65
JI - 0.64 0.52 0.73 0.74 0.78 0.63 0.68 0.76

HL ↓ - 0.017 0.058 0.014 0.014 0.011 0.025 0.014 0.014
Macro F1 - 0.24 0.22 0.27 0.24 0.28 0.22 0.28 0.28
Micro F1 - 0.76 0.69 0.81 0.82 0.80 0.66 0.80 0.81

F1 - 0.72 0.68 0.77 0.77 0.79 0.68 0.79 0.80

data. IJGP, ILP, and GS are anytime methods; for them, we used a time-bound of one minute per

example.

For DDNs, we used ℓ1 regularization for the dependency layer. Through cross-validation, we

selected the regularization constant from the set {0.1, 0.01, 0.001}. In the context of joint learning,

the learning rates of the DDN model were adjusted using an extended version of the learning rate

scheduler from PySlowFast (Fan et al., 2020). We impose a strict time constraint of 60 seconds per

example for DDN-GS, DDN-RW, DDN-Greedy, and DDN-ILP. The DDN-ILP method is solved

using Gurobi Optimization, LLC (2023) and utilizes accurate piece-wise linear approximations for

non-linear functions, subject to a pre-defined error tolerance of 0.001.

138



Table 7.3: Comparison of our methods with the feature extractor for MLIC. The best/second best
values are bold/underlined.

Dataset Metric Q2L MSRN DRF DDN
GS ILP IJGP GS RW Greedy ILP

MS-C

SA 0.51 - 0.35 0.54 0.55 0.55 0.53 0.55 0.55
JI 0.80 - 0.69 0.82 0.82 0.82 0.81 0.82 0.83

Macro F1 0.86 - 0.81 0.84 0.85 0.86 0.82 0.85 0.85
Micro F1 0.86 - 0.82 0.83 0.85 0.87 0.85 0.86 0.86

F1 0.88 - 0.79 0.82 0.85 0.88 0.86 0.87 0.88

N-W

SA - 0.31 0.28 0.32 0.32 0.33 0.25 0.30 0.33
JI - 0.64 0.55 0.59 0.63 0.62 0.56 0.61 0.65

HL ↓ - 0.015 0.020 0.016 0.017 0.016 0.016 0.016 0.015
Macro F1 - 0.56 0.23 0.28 0.32 0.52 0.26 0.29 0.51
Micro F1 - 0.73 0.63 0.70 0.71 0.71 0.70 0.72 0.74

F1 - 0.71 0.62 0.67 0.69 0.69 0.68 0.69 0.71

P-V

SA - 0.71 0.73 0.76 0.76 0.76 0.82 0.86 0.89
JI - 0.85 0.83 0.88 0.87 0.87 0.89 0.91 0.95

HL ↓ - 0.015 0.021 0.019 0.019 0.008 0.006 0.007 0.006
Macro F1 - 0.89 0.75 0.81 0.77 0.94 0.94 0.95 0.96
Micro F1 - 0.90 0.85 0.87 0.86 0.94 0.94 0.95 0.96

F1 - 0.91 0.83 0.87 0.86 0.96 0.93 0.96 0.97

7.4.3 Results

We compare the baseline neural networks with three versions of DRFs and four versions of DDNs

using the six metrics and six datasets given in Section 7.4.1. The results are presented in Tables

7.2 and 7.3.

Comparison between baseline neural network and DRFs. We observe that IJGP and ILP

outperform the baseline neural networks (which include transformers for some datasets) in terms

of JI, SA, and HL on four out of the six datasets. IJGP typically outperforms GS and ILP on JI.

In terms of F1 metrics, IJGP and ILP methods tend to perform better than Gibbs Sampling (GS)

approaches, but they are less effective than baseline NNs. ILP’s superiority in SA—a metric that

scores 1 for an exact label match and 0 otherwise—can be attributed to its precise most probable

explanation (MPE) inference. An accurate MPE inference, when paired with a precise model, is

likely to achieve high SA scores. Note that getting a higher SA is much harder in datasets having
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large number of labels. Specifically, SA does not distinguish between models that predict almost

correct labels and completely incorrect outputs. We observe that advanced inference schemes,

particularly IJGP and ILP, are superior on average to GS.

Comparison between baseline neural networks and DDNs. Our study has shown that the

DDN model with the proposed MILP based inference method is superior to the baseline neural

networks in four out of six datasets, with notable enhancements in SA and JI metrics, such as an

18%, 23%, and 30% improvement in SA for the PASCAL-VOC, TACoS, and Wetlab datasets,

respectively. Moreover, the MILP-based method either significantly surpasses or matches all other

inference strategies for DDNs. While Gibbs Sampling-based inference is typically better than

the Random Walk based approach in DDNs, its performance against the greedy sampling method

varies.

We observe that on the MLIC task, the DDN with advanced MPE inference outperforms Q2L

and MSRN, even though both Q2L and MSRN model label correlations. This suggests that DDNs

are either able to uncover additional relationships between labels during the learning phase or better

reason about them during the inference phase or both. In particular, both Q2L and MSRN do not

use MPE inference to predict the labels because they do not explicitly model the joint probability

distribution over the labels.

Figure 7.4 displays the images and their predicted labels by both Q2L and DDN-ILP on the MS-

COCO dataset. Our method not only adds the labels omitted by Q2L but also eliminates several

incorrect predictions. In the first two images, our approach rectifies label omissions by Q2L,

conforming to the ground truth. In the third image, our method removes erroneous predictions.

The last image illustrates a case where DDN underperforms compared to Q2L by failing to identify

a ground-truth label.

Comparison between DRFs and DDNs. Based on our observations, we found that jointly

trained DDNs in conjunction with the proposed inference method consistently lead to superior

performance compared to the top-performing DRFs across all datasets. Nonetheless, in certain
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Image

bird, skateboard, couchperson, bottle, pizza, 
clock

chair, potted plant, tv, 
remote, book, vase

person, sports ball, tennis 
racket, chair, clock

Ground 
Truth

bird (1.00), skateboard 
(1.00), couch (0.73)

person (1.00), bottle 
(0.99), pizza (1.00), 
potted plant (0.74), 

clock (0.77), vase 
(0.80),

chair (0.99), potted plant 
(0.99), tv (1.00), book 

(1.00), vase (0.96), [remote 
(0.25)]

person (1.00), tennis racket 
(1.00), chair (0.96), clock 

(0.95), [sports ball (0.33)]
Q2L

bird, skateboardperson, bottle, pizza, 
clock

chair, potted plant, tv, 
remote, book, vase

person, sports ball, tennis 
racket, chair, clock

DDN

Figure 7.4: Comparison of labels predicted by Q2L (Liu et al., 2021) and our DDN-ILP scheme
on the MS-COCO dataset. Labels in bold represent the difference between the predictions of the
two methods, assuming that a threshold of 0.5 is used (i.e., every label whose probability > 0.5
is considered a predicted label). Due to the MPE focus in DDN-ILP, only label configurations
are generated, omitting corresponding probabilities. The first three column shows examples where
DDN improves over Q2L, while the last column (outlined in red) shows an example where DDN
is worse than Q2L.

situations, DRFs that employ advanced inference strategies produce results that closely match

those of DDNs for both JI and SA, making DRFs a viable option, particularly when limited GPU

resources are available for training and optimization of both JI and SA is prioritized.

In summary, the empirical results indicate that Deep Dependency Networks (DDNs) equipped

with advanced inference strategies consistently outperform conventional neural networks and MRF

+ NN hybrids in multi-label classification tasks. Furthermore, these advanced inference methods

surpass traditional sampling-based techniques for DDNs. The superior performance of both DDNs

and DRFs utilizing advanced inference techniques supports the value of such mechanisms and

suggests that further advancement in this area has the potential to unlock additional capabilities

within these models.
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7.5 Related Work

A large number of methods have been proposed that train PGMs and NNs jointly. For example,

Zheng et al. (2015) proposed to combine conditional random fields (CRFs) and recurrent neural

networks (RNNs), Schwing and Urtasun (2015); Larsson et al. (2017, 2018); Arnab et al. (2016)

showed how to combine CNNs and CRFs, Chen et al. (2015) proposed to use densely connected

graphical models with CNNs, and Johnson et al. (2016) combined latent graphical models with

neural networks. The combination of PGMs and NNs has also been applied to improve perfor-

mance on a wide variety of real-world tasks. Notable examples include human pose estimation

(Tompson et al., 2014; Liang et al., 2018; Song et al., 2017; Yang et al., 2016), semantic labeling

of body parts (Kirillov et al., 2016), stereo estimation (Knöbelreiter et al., 2017), language under-

standing (Yao et al., 2014), face sketch synthesis (Zhu et al., 2021) and crowd-sourcing aggregation

(Li et al., 2021)). These hybrid models have also been used for solving a range of computer vi-

sion tasks such as semantic segmentation (Arnab et al., 2018; Guo and Dou, 2021), image crowd

counting (Han et al., 2017), visual relationship detection (Yu et al., 2022), modeling for epileptic

seizure detection (Craley et al., 2019), face sketch synthesis (Zhang et al., 2020), semantic image

segmentation (Chen et al., 2018; Lin et al., 2016), 2D Hand-pose Estimation (Kong et al., 2019),

depth estimation from a single monocular image (Liu et al., 2015), animal pose tracking (Wu et al.,

2020) and pose estimation (Chen and Yuille, 2014).

To date, dependency networks have been used to solve various tasks such as collective classi-

fication (Neville and Jensen, 2003), binary classification (Gámez et al., 2006, 2008), multi-label

classification (Guo and Gu, 2011), part-of-speech tagging (Tarantola and Blanc, 2002), relation

prediction (Figueiredo et al., 2021), text classification (Guo and Weng, 2020) and collaborative

filtering (Heckerman et al., 2000). However, DDNs have traditionally been restricted to Gibbs

sampling (Heckerman et al., 2000) and mean-field inference (Lowd and Shamaei, 2011), show-

ing limited compatibility with advanced probabilistic inference methods (Lowd, 2012). This study
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marks the inaugural attempt to incorporate advanced inference methods for the MPE task in DDNs,

utilizing jointly trained networks for MLC scenarios.

7.6 Chapter Summary

More and more state-of-the-art methods for challenging applications of computer vision tasks usu-

ally use deep neural networks. Deep neural networks are good at extracting features in vision

tasks like image classification, video classification, object detection, image segmentation, and

others. Nevertheless, for more complex tasks involving multi-label classification, these meth-

ods cannot model crucial information like inter-label dependencies and infer about them. In this

work, we present novel inference algorithms for Deep Dependency Networks (DDNs), a pow-

erful neurosymbolic approach, that exhibit consistent superiority compared to traditional neural

network baselines, sometimes by a substantial margin. These algorithms offer an improvement

over existing Gibbs Sampling-based inference schemes used for DDNs, without incurring signif-

icant computational burden. Importantly, they have the capacity to infer inter-label dependencies

that are commonly overlooked by baseline techniques utilizing transformers, attention modules,

and Graph Attention Networks (GAT). By formulating the inference procedure as an optimization

problem, our approach permits the integration of domain-specific constraints, resulting in a more

knowledgeable and focused inference process. In particular, our optimization-based approach fur-

nishes a robust and computationally efficient mechanism for inference, well-suited for handling

intricate multi-label classification tasks.
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CHAPTER 8

CONCLUSION AND FUTURE WORK

In this chapter, we conclude the dissertation by summarizing our key contributions and describing

the directions for future research.

This dissertation addresses the challenge of efficient and accurate inference in Probabilistic

Models (PMs), focusing on three core tasks: Most Probable Explanation (MPE), Constrained Most

Probable Explanation (CMPE), and Marginal maximum-a-posteriori (MMAP). We perform these

tasks over various PMs, including Probabilistic Graphical Models (PGMs), Probabilistic Circuits

(PCs), and Neural Autoregressive Models (NAMs). These inference tasks are NP-hard in general,

and existing solvers either trade accuracy for speed or face scalability limitations.

To address these challenges, we proposed a suite of neural network-based solvers leveraging

self-supervised learning. Our solvers enable real-time inference over large, complex probabilistic

models, even for arbitrary evidence-query partitions and subject to additional domain constraints.

In addition to neural solvers, we introduced optimization-based schemes for inference within neu-

rosymbolic models, such as deep dependency networks. Our comprehensive empirical evaluation

demonstrated the effectiveness of these methods across diverse datasets, tasks, and probabilistic

representations.

Limitations in State-of-the-Art Methods:

• Exact solvers for MPE, CMPE, and MMAP become computationally infeasible as model

size and complexity grow.

• Existing approximate solvers struggle to achieve sufficient accuracy, particularly in autore-

gressive models, where inference relies on sampling strategies such as beam search and hill

climbing.
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• The CMPE problem is particularly challenging due to its dense global constraints, making

it especially difficult for off-the-shelf solvers such as Gurobi and SCIP to handle efficiently,

particularly for large-scale instances.

• Deep dependency networks (DDNs) lack advanced inference techniques, depending on Gib-

bs sampling or mean-field approximations, which limits their reasoning power.

8.1 Contributions of this Dissertation

Efficient Neural Solvers for Unconstrained Inference Tasks over PMs

We proposed a self-supervised neural approach to answer MPE and MMAP queries over a broad

class of PMs, including PCs, PGMs, and NAMs. First, we introduced a novel encoding scheme

to represent fixed evidence-query configurations, paired with a tractable self-supervised loss di-

rectly derived from the underlying probabilistic model. Next, to further improve accuracy in the

any-partition setting, where evidence and query variables change across queries, we developed

Inference Time Self Supervised Training (ITSELF), an inference-time optimization procedure that

iteratively refines predicted solutions, and GUided Iterative Dual LEarning with Self-supervised

Teacher (GUIDE), a stabilized training method based on a teacher-student framework. Finally,

we proposed enhanced encoding schemes for PGMs and more efficient discretization strategies,

effectively removing the need for inference-time optimization when answering arbitrary queries

over these models. Our experimental results demonstrated state-of-the-art performance in both

accuracy and speed, significantly outperforming polynomial-time baselines.

Constrained Inference over Log-Linear Models using Self-Supervised Neural Solvers

We extended our neural framework to answer Constrained Most Probable Explanation (CMPE)

queries, which requires finding the most probable explanation subject to user-specified constraints.
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We proposed a novel self-supervised loss function that ensures feasible solutions satisfy the con-

straints while maximizing the objective. Unlike prior approaches relying on Lagrangian relaxation,

our loss function guarantees optimal solutions for the original constrained problem. Our empir-

ical evaluation across diverse benchmarks demonstrated that the proposed self-supervised solver,

SS-CMPE , consistently outperformed learning-to-optimize baselines in both solution quality and

computational efficiency.

Advanced Inference Schemes for Neurosymbolic Models

We introduced novel inference methods for deep dependency networks (DDNs), which integrate

neural networks for feature extraction with probabilistic models for capturing label dependen-

cies. To address the limitations of existing sampling-based inference in DDNs, we proposed two

techniques: (a) a random-walk based local search algorithm, and (b) a novel integer linear pro-

gramming formulation that directly solves the MPE task. Our experiments on six multi-label clas-

sification datasets demonstrated that these techniques significantly improved the outputs of DDNs,

outperforming both standalone neural classifiers and neural-graphical hybrids.

8.2 Directions for Future Research

Future research will focus on advancing neural solvers for real-world inference over discrete and

continuous variables, designing self-supervised loss functions for broader classes of generative

models, establishing theoretical approximation guarantees for neural inference, and developing

interactive inference systems that support dynamic user interaction and privacy-preserving updates.

Advancing Neural Solvers for Inference

A crucial direction for future research involves enhancing neural solvers for inference in real-

world domains such as healthcare, industrial automation, and other safety-critical applications.

In healthcare, neural models can improve diagnostic accuracy by reasoning over diverse variables,
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including disease types (discrete), patient temperature fluctuations (continuous), and other relevant

patient attributes. Similarly, in manufacturing, neural inference can enhance defect detection by

incorporating machine condition data, such as defect categories (discrete), machine temperature

variations (continuous), and other relevant factors.

To enhance the applicability of neural models, future work should focus on designing neural

architectures capable of handling both discrete and continuous variables. One potential solution

is to develop multi-class, multi-output heads for discrete variables and linear output heads for

continuous variables. Another promising avenue is the design of self-supervised loss functions

tailored to broader classes of generative models and inference tasks, enabling more robust and

generalizable solutions.

Theoretical Approximation Guarantees

An important direction for future research is establishing theoretical approximation guarantees for

neural inference approaches. Unlike traditional probabilistic inference algorithms, most neural

approximators lack formal bounds on solution quality relative to exact inference. The absence of

such guarantees limits the reliability of neural methods in high-stakes applications where approx-

imate answers must still meet rigorous quality thresholds. Providing theoretical assurances would

bridge this gap and make neural inference solutions more trustworthy.

Future work should focus on deriving formal bounds that relate the neural model’s solution

quality to the exact solution under different model classes and query types. Formalizing these

guarantees would promote the adoption of neural inference models in mission-critical domains,

where predictability and transparency are essential.

Interactive Inference Systems

Another promising direction for future work is the development of interactive inference systems,

particularly for applications requiring human oversight and interoperability. Human-in-the-loop
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frameworks enable users to iteratively refine evidence and query sets through natural feedback

mechanisms, such as corrections, suggestions, or preference adjustments. Neural models can dy-

namically update their inference results in response, offering improved flexibility and user align-

ment. This setting is highly relevant in domains like scientific discovery, policy-making, and

clinical decision support, where users often refine problem specifications as insights evolve.

Future work should explore designing neural inference models that support real-time updates

with minimal retraining or computational overhead. Reinforcement learning can be employed

to optimize the interaction loop, training models to anticipate user corrections and proactively

query for the most informative feedback. Creating such adaptive systems would enhance both the

usability and the trustworthiness of neural inference frameworks.
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